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1 Introduction

Lecture 1: Introduction and Penrose triangle

In these notes we will discuss category theory, sheaf theory, homological algebra, and sheaf
cohomology, all with an emphasis on applications and building intuition from examples.

In this lecture we will give several brief examples, meant to provide some visual (and non-
technical non-jargon filled) intuition for what this course is about (sheaves and sheaf cohomol-
ogy), before we dive into category theory in Lecture 2.

What are sheaves? Sheaves are mathematical objects which are used to study continuous
maps between topological spaces, f Y - X. We can view these sheaves as data structures on
X which systematically record information about the topological structure of fibers £71(x) for
each point x CX.

Why are sheaves useful in mathematics? Firstly, sheaf theory gives a very general
framework which encompasses many classical techniques in topology and geometry. For example
(perhaps a somewhat trivial example), we can study the (co)homology of a topological space
X through understanding the fiber of the map p OX - {1 As a slight generalization of
this example, we can consider a sheaf which captures the (co)homology of fibers of a Morse
function ¥ OM - R. This example leads quite naturally to the study of persistent homology,
which has seen numerous applications and developments in recent years. Secondly, it is our
opinion that sheaf theory has been useful in mathematics in part because it formalizes an
incredibly intuitive approach to scientific understanding, namely, the process of understanding
global structures through local inquiry.

On a more technical level, sheaves are useful because they allow us to study topology using
algebra. By algebra, we are usually referring to the theory of modules, rings, or groups:

Definition 1.0.1. An abelian group is a pair (G;+) such that
1. Gis aset
2. +GxG - G is a map which is

(a) associative, (a+h)+c=a+(b+c)

(b) commutative, a+b=b+a

3. G has an identity (idg [® such that a+idg = a for all a [() and inverses (for each a [,
there exists —a [G such that —a+a=idg).

Example 1.0.2. 1. (Z;+), integers with addition
2. (Z/2Z;+), the set {0;1} with 1+1=0
3. (U ={¢' };»)
4. Nonexample: (Z; %)
Let X be a topological space.

Definition 1.0.3. A sheaf on X is a pair (Y;f) such that
1. Y is a topological space (not necessarily Hausdorff)
2. T I¥ - X is a local homeomorphism onto X

3. each fiber F71(x), x [X, is endowed with the structure of an abelian group



4. the group operations

a+ OF1(x) - F1(x)
b Catb

for each a [F71(x), and
-OF () - F71(%)
b =0

are continuous maps

Example 1.0.4. Orientation sheaf on S, 151 = (Y;f):

f8lxz/27 - st
(;n) 1

Definition 1.0.5. A section of f Y - X over U [X is a continuous map s U - Y such that
fos=idy.

Exercise 1.0.6. How many sections does !s: have over S?

One of the primary tools used in sheaf theory is sheaf cohomology. This cohomology gener-
alizes several classical cohomology theories such as de Rham cohomology and Cech cohomology.
Speaking very generally, sheaf cohomology is an invariant which quantifies obstructions to ex-
tending local sections of a given sheaf to global sections of the sheaf.

Example 1.0.7. In this example we will consider the Penrose triangle as a visualization of
sheaf cohomology, following [Pen92].

We will solve three separate problems related to the above figure.
Exercise 1.0.8. Show that the Penrose triangle is an impossible gure.

Solution: We begin by measuring the distance from the observer to three points on the
figure illustrated below.



Let a;b;c denote the distance from the observer to the corresponding marked points on the
figure above. The illustration suggests the following inequalities:

a<bhb
b<c
c<a;

The figure is an impossible shape because there are no solutions to the above system of inequal-
ities.

Exercise 1.0.9. Give an explicit example of a degree 1 cohomology class of St (over R).

Solution: We can use a simplicial structure on S* to give a concrete description of coho-
mology classes. Let

V3

V2
Vi

be a triangulation of S, consisting of three 0-cells and three 1-cells. Then the cochain complex
is given by

R® L RF
(xy;z) CHd-y;y-2z;X-2):

A representative of degree 1 cohomology is given by a triple (A;B;C) such that A;B <0
and C > 0. Let (a;b;c) denote the triple from Exercise Then (a—b;b—-c;a—-c) is a
representative of a degree 1 cohomology class of S*.

Exercise 1.0.10. Let '51(R) = (Y; f) be the sheaf
v =stxR kst

where R has the discrete topology. Let {U1;U,;Us} denote a cover of S by connected, simply
connected open sets with U; n Uy n Uz = [Cllet s; be a section of 151 (R) over Uj.

1. When is there a section s of !g:(R) over St which restricts to s; for each i?

2. Suppose s;j;j is a section of 151 (R) over UjnUj, for i <j. Are there sections s; of 1s:1(R)
over U; for each i such that s;.j = sj —s;?



Solution: A section Sj over U;j is a constant function
Si ELJi - R,

i.e. sj [R. There is a section s of 151 (R) over St which restricts to S; for each i if and only if
S1=Sp =83, i.e. (S1;S2;53) CHO(SY;R).

To answer the second question, we notice that if S1.2 <0, S2.3 <0, and S1.3 > 0, then there
is no combination of sections S1, Sy, Sz such that the required inequalities are satisfied. In
other words, if S1.2 <0, S2:3 <0, and S1:3 >0, then the triple (S1:2;S2:3;S1:3) is a representative
element of degree 1 sheaf cohomology of the sheaf 's1(R).

One can notice that the impossibility of the Penrose triangle is closely related to cohomology
classes of the circle, which is in turn closely related to questions about sections of 's1(R), which
is closely related to the (yet to be defined) sheaf cohomology of Ys:(R). This example is meant
to provide some visual intuition for what sheaf cohomology measures (although we will not
define sheaf cohomology for some time).

We now take a turn toward category theory in order to provide a useful framework for which
to introduce and study sheaf theory and sheaf cohomology.

2 Category theory

Lecture 2: Categories and functors
References. |[Curld Chapter 1], [Mac98, Chapter 1]
Motivation. Category theory is a useful language to describe sheaves. In mathematics, we

often work with objects that have some “nice” structure-preserving maps between them. For
example

* topological spaces with continuous maps,
e groups with homomorphisms,
* vector spaces with linear maps.

Category theory studies interactions between the objects of a given “branch of mathematics”
just in the language of those maps, without taking into account the structure of the objects
themselves. What do all those situations have in common? We have, for instance, a notion of
being “essentially the same” for two objects in each of the described examples — a homeomor-
phism for topological spaces, an isomorphism for groups, etc. What other similarities can we
find? What are the differences between the interactions of different types of objects?

2.2.1 Category definition.

We can study many areas of mathematics at the same time by studying classes of objects,
and arrows between them. A category is essentially a directed multigraph with an additional
structure of composition for the arrows. But the formal definitions get a bit technical, as the
theory aims to deal with very general situations.

Definition 2.2.1 (Category). A category C is
(1) a clas{T of objects O,
(2) a class of arrows (or morphisms) A,

(3) functions dom, codom, id, o:

1\We can imagine ‘set’ here. The problem is, that we want to work with categories where the objects are, e.g.,
all sets | which is itself not a set, but a proper class (see, e.g., Russell’s paradox or Cantor’s paradox). In this
course, we will assume to have a set of allowable sets, a universe which we work with. More general treatment
of this problem is a question of set theory and foundations of mathematics. For more comments on this topic,
see [Mac98, Ch. 1 §6] or J[AHS09, §2].



e dom A - O, (says where an arrow is going fromE[)

e codom A - O, (says where an arrow is going to)
e id[O - A, (assigns a loop arrow as the identity morphism to an object)
e 0AXpo A 5 A, (the composition rule for the arrows),

where A xg A ={(g;T) CAxAlom(g = codom f} is the set of composable arrows,

such that the following axioms hold:

(a) o dom(id(C)) = C = codom(id(C)), (identity arrow of C is a loop at C:  C Did(C))

I o -
A—-B—2scC
-

L S gf

¢ dom(gof) =domf, codom(gof) =codomg,

for each object C and pair (g; ) CA xpo A,

(b) e (hog)of=ho(gof) (associativity)
o foid(A)=T, id(B)of="* (identity)
for (f;9);(g;h) CAXcA, domf = A, codomf =B.

A—T5B A id A A
That is, these diagrams commute: J{gof hog f\l l/f f/ y \j

Some useful notation we will use:
e Ob(C) =0, Mor(C) = A,
e Homc(A; B) = {f [Mor(C) [om f = A;codom f = B}E] (or Hom(A; B) if C is clear)

e ida =id(A) or just id =id(A) if A is clear from the context.

Examples of categories.
1) Category with just one object and one morphism: o Did

2) Let (P;<) be a partially ordered set. We can take a category P such that ObP =P, and
Homp (a;b) consists of a single arrow if a <b, and is empty otherwise. The composition rule
is clear, as we can always only choose the one arrow between the domain and codomain of
the composition.

A\ 12
AN 1 d/[\@
\a/ ’\aé

We see one simple discrete example in the figure above. Another useful example is to view
the real numbers as a poset category — objects are R, and we have one morphism X - y if
X £y, and no morphisms otherwise.

3) Set is the category of sets.
Ob(Set) are (allowable) sets

2Compare to a de nition of a quiver. When we have possibly multiple arrows going from one vertex to
another, we can not have the set of edges de ned just as pairs of vertices as for classical (di)graphs. We could
not tell two edges with the same source and target apart. One way around this is to de ne the quiver as a
quadruple || set of vertices, (abstract) set of arrows, and two mappings from arrows to vertices de ning the
source and the target of each arrow.

31n literature, the notation C(A;B) is also often used for the collection of all morphisms in category C from
object A to object B.



Mor”~Sete are maps between (allowable) sets
4) Ab is the category of abelian groups.

Ob"Ab « are abelian groups
Mor”Ab ¢ are group homomorphisms

5) Vect  is the category of vector spaces over a xed eldk.

Ob™Vect ¢+ are vector spaces
Mor~Vect (e are linear maps

We often omit the eld k from the notation, and write just Vect . This still denotes category
of vector spaces over some xed eldk.

6) Top is the category of sets.

Ob"Top « are topological spaces
Mor~Top * are continuous maps

7) Suppose that™X; e is a topological space. We can de ne an associatedpen set category
C Open”X; e, where

Oob"C» are the open sets,
Mor”Cs are inclusion maps, i.e., there is a single arrowd — Vi UbV.

In other words, if we look at the poset”™ ; be, the open set category is a realisation of this
poset as a category, as in example 2).

The terminology of categories is set up so that we naturally interpret objects as sets (possibly
with some structure), and morphisms as maps (preserving the structure). However, as examples
1) and 2) show, this is not necessarily the case.

Terminology. We say a categoryC s
" large if Ob"Ce, Mor"Ce are proper classes, i.e. not sets,
" small if Ob"Ce, Mor"Ce are sets,

" locally small (sometimes “has small Hom-sets') if Horg"A;B ¢ is a set for eachA;B >
Ob"C, even if Ob"Cs is a proper class itself.

In the examples above, 3, 4, 5, 6) are all large, but locally small; and 1, 2, 7) are small.

2.2.2 Functors: maps between categories, ‘'metamorphisms'

A functor is a pair of maps | one for objects, one for morphisms | such that the image of

an arrow A f% B goes between the images of the objectd; B, and the map on the arrows is
basically a Shomomorphism' with respect to the composition.

De nition 2.2.2  (Functor). Suppose thatB and C are categories. Afunctor T B Cisa
pair “To; Ta*, where

To Ob™BeH Ob C and
Ta Mor'BeB Mor C

are maps which satisfy
T TATid"Bee  id"To Bee, (identity goes to identity)

and one of the following two possibilities. Either

" dom’Ta fee  To dom’f e, & 5B To"As 205 15 B



codonTTa fee To codonifes ?

1 “

. oo ge .
To As 2255 75°Be 29 T5°Ce commutes

- TAAng' TAAg' XTAAf',

in which case we call itcovariant functor, or

T

~ dom Ta"fee  To codontfes, EA 5B To Ae & T, B

" codom Tp fee To dom'fee,

1 “

To Ae M To Be M To Ce commutes

- TAAng' TAAf'XTAAg',

in which case we call itcontravariant ® functor.

Examples  of functors.

1) The power set of asetSis”"Se ~“R b Se. We can de ne a functor

P Setb Set
S7° ""Se

f2° “R( f"Ree:

2) The forgetful functor sending a set with a structure to just the set without any additional
structure. For example For Ab  Set sending a group™G; < to G, and a homomorphism
f between two groups to the same mag between the underlying sets.

3) Homology of a given xed dimension is a covariant functor

H, Top B Ab
Xz Hp™Xe

X 'Yz HyXe"H,tve
where H," X« is the n-th singular homology of X with some xed coe cients, and H,f is

the homomorphism induced byf .

4) Cohomologyof a given xed dimension is a contravariant functor

H" Top B Ab
Xz H"Xe

X vz HUxRE Ty

where H""X ¢ is the n-th singular cohomology ofX with some xed coe cients, and H"f
is the homomorphism induced byf .

5) Thinking about homology and cohomology, we might also think of thefundamental group
There is a slight technicality to discuss. For the de nition of fundamental group, we need a
topological space together with a xed point. Therefore, we need to rst de ne a category
of pointed topological spacespTop . The objects are topological spaces with a base-point,

4We state the conditions on domain and codomain explicitly for clarity of the de nition, but they are already
consequences of preserving the identity and preserving the composition. For example for the rst one, we have
Ta"fe Ta f Xidgomt® Ta feXTa idgomt® Ta feXidr,~goms., SO in order for those to be composable,
we need to have dom”Tp “f e codom”idt_ ~goms.® To dom’fee.

5If we say “functor', we will assume covariance. For more details on covariant vs contravariant, see [Mac98,
Ch. 2 §6]



6)

7

8)

9)

and the morphisms are only those continuous maps that send the base-point of one space to
the base point of the other space. Then we can de ne a covariant functor

1 pTop B Grp
“XiXo*z  1"XXo*
“XiXoe ' Yiyorz 1 XiXor 2 17Yiype;

where Grp is the category of groups (not necessarily abelian).
For a category C, we can de ne the opposite categoryC°? by ipping all the arrows:

"~ Ob"C"s  Ob™Ce,

" x  y>Mor"C®e i x y>Mor"C, thatis, Homce "X;ye Homc"y;Xe,

" f XP g gXf, whereXP is the composition in C°?, and Xis the composition in C.

Assume that F B C is a contravariant functor. Then F de nes a covariant functor
F B°° C(oralsoF B C%).

The duality in vector spaces is a contravariant functor. ForVect , the category of vector
spaces over a xed eldk, it is de ned as follows:
D Vect B Vect
Vz V* “linear functions from V to ke

t
V. Wz Vi W* givenby *fe fX

Important examples of functors are the Homfunctors. Let C be a category, andX be an
object C. We de ne a covariant functor
Hom™X; « CPb Set
Vz HomX;Ve

f . -
V. Wz Hom™X;Ve LEN Hom X;W e, given by f;"" ¢« f X
and a contravariant functor

Hom™ ;X CBb Set
Vz Hom™V;Xe
t
V' Wz Hom'V:Xs{_ Hom"W:X., givenby f¥"« ' Xf:
If a functor F from Cto Set can be “expressed' as a Hom-functor, it is calledepresentable

(discussed more in Lecture 3, Yoneda lemma).

Note that the example 7) is a special case of contravariant hom-functor, HoRpct = ; Ke,
wherek is the (arithmetic) one-dimensional vector space.

Representations of quiverscan be viewed as functors. For a quiverQ, we can considerQ
a category 'generated’' byQ. The objects are vertices ofQ, and the morphisms Honi u;ve
are all paths betweenu and v in Q | including the empty path for Hom “u;ue, which is the
identity of u. The composition is the composition of paths.

A representation of Q is a functor to the category of vector spaces, assigning a vector space
to each vertex, and a linear mapping to each arrow. For example, if

Q Y > Y > Y > Y >,

a representation ofQ is

R Qb \Vect
viz V,
Vi Viiz Mp Vi Vg
which can be, for example, a persistence module of a simplicial complex with an ordering.

Note that the way we set Q up, we can assign an arbitrary linear map to each arrow ofQ
independently.



Lecture 3: Natural transformation, equivalence, adjoint pairs
References. [Mac98, Ch. 284, Ch. 3, Ch. 481] [Curl4, Ch. 284, Ch. 3, Ch. 481]

Natural transformations: morphisms between functors, ‘'metametamorphisms'

It is useful to have a way to compare functors to each other. We can see natural transformations
between functors as an analogy to homotopy between continuous maps. Having de ned functors,
we might think about some notion of equivalence of categories. It is not di cult to see that
functors can be composed, and we can also de ne an identity functor, where both maps act
identically. Therefore, we could consider two functors going in opposite directions between two
categories, such that their composition is the identity functor. However, we can immediately
see that his notion of equivalence is problematic in several ways. First, it is a bit shy to talk
about invertible maps between something that can be a class; second, we should not really care
if we throw away some (or all) \isomorphic copies" of an object from a category, which would
cause problems for this notion. A solution to this is very similar to what we do in topology.
The notion of homeomorphism can be too strict to capture the kind of \sameness" we are
looking for, and so we introduce the notion of homotopy | a \map between maps". And with
homotopy at hand, we can de ne a notion of equivalence for the spaces too. We do not need
the composition of continuous maps between the spaces to be equal to identity, it is enough for
it to be homotopic to the identity.

De nition 2.3.3  (Natural transformation) . Let F;G C D be two (covariant) functors. A

natural transformation  from F to G is a collection of morphismsF~Ae *A>'G‘A- in Mor"De,
. R £ R : .

one for each objectA >Ob"Cs, such that for every A~ B in Mor”Cs, the following diagram com-

FrAs —25% G A
mutes: A A
F f'l J/G feoo
F'Bs —2% G'Bs
i.e., "BeXF fe G'feX "As.
Example of a natural transformation.
Let R;S Q Vect be two representations of a quiverQ: Vi — Vo —— V3I A

natural transformation R Sis a collection of maps between the functors' images such that
the following diagram commutes:

~ “vie ~
R vie — S vye

| |

RAVZ' # SAVZ' .

| |

~ “vae ~
R vze —— S vge

De nition 2.3.4. For any locally small category C, each objectc > C de nes a functor
Homc"c; ¢« C  Set. Functors of this form are called representablefunctors.

De nition 2.3.5. Let Fun™C; Sete be the category of functors de ned by:

Ob"Fun”C;Setee “functors F C Sete
Mor"Fun”C,; Setee  "natural transformations of the functorse:

This also works for general categorie<C;D. Now we may wish to relate functors to those
which are representable.

10



Lemma 2.3.6 (YonedalLemma). Let Che a locally small category and eackh >Ob"Fun”C; Setee,
there is a (natural) bijection ©

Homgyn~c:set. HOMc"c; *;Fe FeCe

Remark. Natural bijection here means the squares induced by morphismsé) c®n Ccommute.

Corollary 2.3.7.  Let c;c®be elements in a locally small categorZ. Then we have the following
natural bijection.

HOMEyn ~c:set. "HOMC C; ¢;HOomMc"c% o= Homc"c%ee
Therefore we can think of C as being embedded in FUnC; Sete. This corollary, in a sense,
suggests all objects are determined by their relations to other objects.
Example

1. Let C Open”™Xe be a category of open sets with inclusion forming the morphisms. This
corollary implies we lose no information about the topology ofC by simply considering
the functors on the topology.

2. ConsiderZ as a category. We can determine a secret object by playing a game which
asks questions of the form \Is there a morphismx  10?". If the answer is \yes" then
we knowx B10. After asking su ciently many questions we can determine x, illustrating
how objects are determined by morphisms.

Proposition 2.3.8. SupposeS B CandT C D are functors. Then
"T XSe" b TS bee for b>0b"Be
"T XS b b% T°S"b b% for b b®™Mor Be
de nes a functor from B to D.
Proof. First check "T XS¢"idge id-rys B.-
TASAidB" TAids“B.'
idT-5°B«
id~1xs< B
Now check the composition rule. Letf a bandg b ¢,
“T XSe"gXfe TS ge XS"f oo
T S gee XT S7f oo
"T XSe"ge X°T XS f e
So we concludeT XS B D is a functor. O

De nition 2.3.9.

f >Mor”C is called anisomorphism if there exists g >Mor”Cs such that f Xg id"domge
and gXf id"domfe.

Two objects a;b>0b"C are calledisomorphic if there exists an isomorphismf a b.

" Two categoriesB; C are isomorphic if there exists functors F;G B  C, such that F X
G Ildc and G XF Idg. This de nition of isomorphism is too rigid to be useful in
distinguishing categories. For this we introduce the following notion.

" A natural transformation F G that is also an isomorphism (i.e. it has an inverse
natural transformation) in the category Fun"B; Cs is called anatural isomorphism.

6Note that some sources instead use the notation Hom “B;Cs for the category of functors between two cate-
gories.

11



De nition 2.3.10. Let B; C be two locally small categories and letr B Cbe a functor. If
for all objects a;b>B the map Homg " a; b» 5] Homc"Fa; Fbe

" is injective F is called full;
" is surjective F is called faithful ;

is bijective F is called fully faithful .

Example Let Cbe a locally small category. The functor

H C Fun"C Sete
c( Homc'c; e;

is fully faithful by Corollary 2.3.7. This demonstrates in what sense objects are determined, up
to isomorphism, by the morphisms incident to them.

De nition 2.3.11  (Equivalence of Categories, two versions) Let B;C be categories and let
F B Chbe a functor.

1. We say that B and C are equivalent categories if there also exists a functoG C B, and
two natural isomorphisms Idc¢ F XGand GXF Idg; thatis, F XG is isomorphic
to Id ¢ in the category Fun"C; C, and G XF is isomorphic to Idg in the category Fun"B; Be.

2. We say that F is an equivalenceof categories ifF is fully faithful and F is surjective onto
the set of isomorphism classes of objects; that is, for each object>0b"Cs there exists
b>0Ob"Be and an isomorphismFbb c.

Exercise 2.3.12. Show that the two versions of the de nition above are equivalent.

Example Let B;C be the following two categories

There are four possible functorsB b C corresponding to the four objects inC and a single
functor C5 B. Take the functor F mapping B to the rst object in C. The horizontal
morphisms and their inverses give natural isomorphisms between the functors& XG and Idc,
together with F XG Idg this implies that the categories are equivalent.

2.3.1 Adjoint Pairs

An overarching goal in the study of category theory is translating calculations from di cult
categories to simple ones. We will introduce two equivalent de nitions of this notion (note the
equivalence is non-obvious).

De nition 2.3.13  (1). Let B;C be categoriesand= B C, G C B be functors between
them. We say,”F; G form an adjoint pair, or equivalently F is aleft adjoint of G, or G is right
adjoint of F, if there exist natural transformations ldc F XG and G XF Idg such
that the following diagrams commute:

Ide XF 9% F XG XF G Xlde X, G XF XG
F G
F Xldg; Idg XG

(See additional notes 6.1.1 on Functor compositions)

12



De nition 2.3.14  (2). Let B;Cbe categoriesandc B C, G C B be functors between
them. "F;Ge form an adjoint pair if there exist bijections . Homc"Fb;e  Homg™b;Ge
for each pairb>0Ob"Be;c>0Ob"Cs, such thatforall f b b*>Mor"Be andg ¢ c®Mor C
the following diagrams commute,

bc HOmMc Fb;ee —— Homg™b; Ge

.@x rywx

h.ce HOomc"Fb;c® —— Homg™b; GE%;

be HOmMc Fb;e —— Homg™b; Ge

Txeor- Txf

bec HOomMc Fb%¥ce —— Homg b*Gee:

Example The discrete topology functor and the forgetful functor form an adjoint pair "D For e.

For Top Set
D Set Top
X ( " X; discrete topology

Consider X >0Ob"Sete and Y >Ob"Top .
Homrep "DX;Y » Homge " X; For Ye:

Alternatively we could use the map sending the setX to the topological spaceX with the
trivial topology.

For Top Set
E Set Top
X ( " X; trivial topology
Consider X >0Ob"Sete and Y >Ob™Top .
Homyp "EX;Y e Homse "X; FOr Ye:
Similarly we can form an adjoint pair between Vect and Set with the functors:

For Vect Set
F Set Vect
B ( FB;

where F B is the real vector space with basisB. ConsiderB >0Ob"Sets and V >0Ob"Vect .

Homyeet "FB; Ve Homge "B; For Ve:

So following de nition (2), in all instances, "D; For ¢;"E; For «;"F ; For « form adjoint pairs.

Lecture 4 & 5: Coproducts, Colimits, Products and Limits
2.4.1 Coproducts
Motivating Example

Let X be a topological space. The set of open sets K is a poset, with U BV if and only if
U bV. We denote by C Open”~X e the associated category and we note thatC Open~Xe
has extra structure. Namely, if U;V >Ob”Open~X es, then U 8V >0b"Open "X es.

Question Do other categories have a similar structure?

13



Observations

1.U us8y,

2.V U8V,

3. IfUbW andV bW, thenU8V bW,

In other words,

1.8U U8V,

2.8V U8V,

3.1f8UbW and 8§ VbW, then 8 U8V bW such that

U——UuU8V «+—V

s

W
commutes.
Exercise Let C Vect. Let V;W >0b"Vect ». Find X >Ob™Vect ¢ such that
1.8V X,

2.8W X,
3.1f8Y Y and8W Y, then 8 X Y such that

commutes.

Solution Take X V W “v;we v>V;w>We. In particular, the map V X sendsv
to “v;0e, the map W X sendsw to "O;we andif , V Y, , W Y, then the map
X V W Y sends'viweto ,ve , Wwe.

De nition 2.4.15  (Coproduct). A coproduct of a;b>0b"Cs is
1. an objecta @b >0Ob"Cs,
2. maps a a@b b a@b such that if a c>Mor"C and b ¢ > Mor"Cs, then
8la@ c>Mor"Cs such that

a a@b b

R

commutes.

Remark. Coproducts may not exist.

Exercise If a @b exists, then it is unique (up to isomorphism).
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Coproducts over families

Motivation If “Ujeisy bOb™Open~Xee, then U >Ob™Open X ee.
i>l

De nition 2.4.16  (Coproduct over a family of objects). If “¢i¢j5 b Ob™Cs, then the coproduct
* G is
i>l
1. an object in C,
2. mapscg  * ¢ for eachj >I such that if there is an object c®and mapsc,  c®for each
i>

j >I then 8! map * ¢ c®such that

i>l

GG

i>l
I
§l/
<

Remark. The maps denoted byt depend onj, while the vertical map is independent ofj .

commutes for allj >1.

Example 2.4.17. 1. If "Uj*i5 bOb Open~Xee, then * U, Ui >Ob™Open X es.
i i>l

>l 1>l
2. Letl N,V; k>Ob"Vecte. Take Z k >Ob"Vecte and ; V, Z is the identity
map. Then * V; >V, Tvi;vy; « v O forall but nitely many i>l-s.
i>l i>
Remark. One could have rst guessed thatL V; ™ vi;vy; ¢ v, >V« is the coproduct in

i>l

the above. However, this is not the case as the vertical dashed map below
L ViV,
i>l
|
| /
z

given by mapping “vi;Vv,; ¢ to P v; may not converge.

i>l

Corollary 2.4.18. L V; >V, if | is nite.

i>l i>l

2.4.2 Colimits

One way to pick out specic objects in a category C, is to use what is called anindexing
category. For example, let| be the following discrete category:

and let F |  C be a functor, which picks an objecti in the category | and sends it to the
object ¢ in the category C. Then * ¢ * Fie. But what if | had more arrows?
i>l i>l

Example 2.4.19. Let | be the discrete category generated by the following diagram (in par-
ticular, all compositions of arrows should also be arrows in ):

C)CIC)

1—2—3

Let F | Open”Xe. Then * F ie F7ie F"3e, becauseF "1e bF"2¢ b F"3e:
| |

15



De nition 2.4.20  (Colimit of a functor) . Let | be a locally small category andF | Cbe
a functor. The colimit of F, denoted iBmF, is

1. an objecthF >C,
2. mapsF ie B*n F for eachi >Ob"l ¢ such that:

T Ifi j >Mor”le, then

commutes.
" If FTie c>Mor"Cs for eachi >| then there exists a unique mapéimF € such
that:
F ie > F7je
ﬂan givy
if Bn‘ F if
18!

B
c
commutes wheneveri  j >Mor”| .

Example 2.4.21. Let | be the following category.

) C) )

| e ——e — e

andletF | Open~™Xe. TheanF F~3e.

Example 2.4.22. Let | be the category of negative integers with a morphisms froma to b if
ais smaller thanb. Let F |  Vect be a functor. TheanF F~ 1.

Example 2.4.23. Let| N viewed as a poset category and leFE |  Vect be a functor:

F~le V]_ 12 V2 = V3

Then Hn F >Vi~ where"0; ;v;0; *>>V is equivalent to "0; ;w;0; <« >>V if there
| 7111111 111111'[ 711111111 11111111'[
[ N
exists| >| such that

P X X 5 2X g5 17ve 11X X gk 17we:

More concretely, let ¢
Vi

o]

R if i is even
R™ R ifiisodd
where x >R is mapped to "x; 0+ >R~ R and "x;y* >R~ R is mapped to "x; 0+ >R. Note

that > V; is in nite dimensional, however Bn F R. This is because™x;y* “x;ze* as they
eventually both map to x >R.

Example 2.4.24. Let | be the following category.

o0
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Let F | Vect.TheanF F be.

Example 2.4.25. Let | be the following category:

Yobre v

LMor’le Z with aXb a b
Let F |  Vect be a functor de ned on the object by F"Ye V and on the morphisms by
F°0 idV V,Fle M V V. Clearly, F'ne consists on composingVl n-times.

Question What is lim F?
Answer Consider the following diagram

Vv M V

NI
B‘nF

w

Chasing the arrows we get the following relationship XM , which implies that "Mve
“ve 0and nally that “Mv ve 0. Similarly, we get that "Mv ve 0. LetV, “w>
W w Mv v for somev >Ve. SupposeW V-Vn , With V V-Vn the quotient map.
Consider the following subdiagram of the previous diagram:
\Y

\-
fjn F

V .Vn
Note that since the restriction of from V to V, is zero (i.e. "V,* 0),the map must factor
through V *\,, - By commutativity of the diagram and the surjectivity of , there exist a map

®Vey  limF, suchthat X ®we w, which implies that the li;n F Vey. . In dierent
words, gm F is the set of M -coinvariants of V and is the quotient map.

Example 2.4.26. Let | be the following category.
o [ J
[ ]
Let F I Open”X-e be a functor. By applying the functor F, the diagram becomes
U \Y
w

As usual, let's consider the limit diagram in the speci ¢ setting

w > U

N

N<4~U§
T

17



Note that U b limF and if U b Z, then U b |imF b Z. The same reasoning applies fol.
This impliesthat mm F U8V,asU U8V, Uu8sVandifU Z andV Z thenthe
following diagram cCommutes.

U < w >V
usv
;

Exercise 2.4.27. Let | be the following category.
[ [ ] [ J [ J

Let F |  Vect be a functor with F7ie V; for all i. Show that both the coproduct and the
colimit of F are isomorphic to > V;.

Example 2.4.28. Let | be the following category:
?Ob”l- Y
LMor’le Z with aXxb a b

Let F I  Vect be a functor de ned on the object by F"Ye V and on the morphisms by
F°0 idV V,F'l* M V V. Whatis I,‘g_gn F?

As per usual,ing is an object in Vect , such that the following diagram commutes for all
n>7Z.

Vv Fo vV

~N
B‘nF

If there exists Z >Ob”™Vect ¢, with V  Z, then the consider the following diagram.

vV Fo U

N
B’nF

z

By chasing the arrows in the outermost triangle, we get “ve “nve for all n >Z, which

implies that “ve  “we whenever there existn >Z such that M "v w.

Let's de ne an equivalence relationv w, if there exist n >Z such that M"v w and a map
® VvV~  Z such that the following diagram commutes.

v — 3 s v~
Z /
Guess:BnF V-~

Consider the following diagram.

18



By the same argument as above, there exists a®such that * 1, which implies that
imF  V~. Lastly, supposeV, “w>V w MV vforsomev >Ve im~™™M  id.
upposev w. Then

Vv "Mv ve "M?v Mve MY M" lve M"vow;
which implies that w>v  V,,. HenceV~ V e\, the set of orbits of Z on V.
2.5.1 Products

Motivating example

Let U;V >0b"Open”Xee and let U9V >0Ob"Open”Xee. If W b U and W b V, then
W b U 9V. The diagrammatic version of the previous statement is the following

W
if i§[ ~_ if
U . uov - \Y
given given

Question  What is an analogous structure in other categories?

Example 2.5.29. Let X;Y >0Ob™Vect "X ee. If W >Ob™Vect "X e« maps into X and Y, then

whereW ~ X Y is given by mappingw >W t0 ™ ,“we; y“wee >X Y.
De nition 2.5.30  (Direct product) . The direct product of a;b>0Ob"Cs, denoteda( b, is
1. an objecta( b>0Ob"Ce,

2. mapsa a(b b a(bsuchthatifa c¢>Mor"C andb ¢ > Mor C, then
8lc a( b>Mor"C such that

commutes.

Direct product over families

Motivation Let "Ujsi5 b Ob™Open~Xee. If W >7U;e for eachi >1, then W > U;. In
i>l

other words, the following diagram



commutes. Note that if $S 2 , then  U; might not be open. Hence, in nite direct products
i>l

might not exist in Open~Xe.

De nition 2.5.31  (Direct product over a family of objects). Let “¢i¢j5 b Ob™Cs. The direct
product L ¢ of "¢ is

i>l
1. an object in C,
2. mapsL ¢ ¢ for eachj >| such that if there is an object c®and mapsc® ¢ for each

i>l

j >1 then 8! map c® L ¢ such that

i>l

commutes for allj >1.

Example 2.5.32. Let "Viejsy b Ob™Vect "X . SupposeV; R and consider the following
diagram.

w

I/

|
LV ———V,

Note that ; must be surjective. One way to see it, is to pickW V; and ; to be the identity
map. This implies that for any arbitrary set “v; >V, j >1le, there exist a single element
w >prodV; such that ;"we v, forallj >J.

Guess: L Vi Twvi;vpvs; o v >Vie  W. We consider the following diagram

W

|
LV, v
N

where the map ; maps "vi;vp;vs; <« to v;. Now de ne the map LVi Wby “xe

" 1"Xe; 2"xe; . This implies that 1 and thereforeprodV, ™ vi;Vo;va; e.
Corollary 2.5.33. If S & , then @V, (,V for "Vis >0Ob"Vect "X e .

Note that this is not true for Ob "Open "X ee.
Here | is used to index objects inC. The pair ™ ¢i¢;l+ can be thought of as a discrete

with a functor F | C, mappingi to C;. Question : What happens whenl has more arrows?

Example 2.5.34. Take | to be the following category

) C) )

| e — e — e

andletF | Open”Xe. Notethat | F7ie F"1e becauseF"1e bF"2¢ b F"3e.
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2.5.2 Limits

De nition 2.5.35  (Limit of a functor) . Let | be a small category. Thelimit of a functor
F I Cis

1. an objecthF >C,
2. mapsng F~ie for eachi >0Ob"l ¢ such that:
T Ifi j>Mor’le, then

S P—

1
BnF

commutes.
“If ¢ FTie >Mor"C for eachi >1 then there exists a unique mapc B‘n F such
that:
F ie Foje
rKiven givV
limF
if b if

AN

i§!
c
commutes wheneveri  j >Mor"| .

Example 2.5.36.
Let | be the following category.

O T

Let F | Vect. Then Hn F F b.
Example 2.5.37. Let | be the following category.

o

f
a——

O

LetF | Vect. Then|]inF Tv;we>F"as" F ce Ffeve F ge"we >F bee. Visually,
B’n F lls out the commurtative diagram

Fras — F b

[ 1

BTIF*)FAC'

Example 2.5.38. Let U;V >Open~X+° and let F Open~X+%  Set be a functor. Let |
be the following category.

U \U9V/V

Then Bn F F"U8Ve and satis es the following commutative diagram.
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BnF F'U8Ve

F

“Ue / \ FV
\ /

F'U9Ve.

Example 2.5.39. Take | to be the following category

. > ® > ® ”
andletF | Vect "Xe. Then that Ign F F~1l..
Let | be the category where the objects are the non-positive integers with a morphisms from
ato bif ais smaller than b. Let F | Vect be a functor. The limit of F is Bm F
vV Vo >L Flie vy f Lii X X fj;j 1AVj o SUppOSG

¢ .
R if i is odd
F |

LR R ifiiseven
wherex >R is mapped to"x; 0* >R~ R and "x;y* >R" R is mapped to "x; 0« >R. The limit
of F is R.

Example 2.5.40. Let | be the following category:

$obie v

“Mor’ls Z with aXb a b
Let F |  Vect be a functor de ned on the object by F*Ye V and on the morphisms by

F°0e idV V,F1le« M V V.WhatislimF?
Observation Let's consider the usual commutative diagram of a limit in our setting.

We have “ze M" “ze, which implies that “ze belongs to the +1 eigenspace oM .
Guess: Ié)m F 1 eigenspace oM, which we will denote by E. Consider the following

diagram.

AN
!
!
|

E

By a similar, note that im~ < b E, which implies that . Therefore,

I‘[)m F "v>V Mv ve
1 eigenspace oM "
M invariants of V:

The limit of the functor F is therefore the set ofZ- xed points. On the other hand, the colimit
of the functor F is the set of Z-orbits, but we will omit the proof here.
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Example 2.5.41. We will conclude this lecture with a slight detour into p-adic numbers. Let
| be the category where Olb Zxgoanda bif bBa. Let p be a prime number, and de ne the
functor
F I Ab
Flie Z9'Z
F'n 1 nexe x modp"

We illustrate the image of F as:
2
72z D z2Z BB P 7z
Question : Hn F 2

Solution :
fmF 7 inginznie n >Z~p'Z such that if j @ thenn; n, modp »
For concreteness, lefp 2. Then
;N3;n2;nge >lim F
ifn, ngy mod?2
nz n, mod4
etc

So,” ;7;3;1e >Bn F and”™ ;3;2;1;0e ﬂBn F. We can visualize elements oblinF as a tree:

where the highlighted path corresponds to the element ;6;2;0¢ in the notation above. We
can also label branches of the tree using in nite strings of 0 and 1:

From this illustration, we can see that |im F has a natural metric structure which is related to
the node in which two branches connect. Moreover, one can show that lirhi has the structure
of a eld, which is called the eld of 2-adic numbers (or for general primes,p-adic numbers,Qp).
Unlike elds like Q and R, the p-adic numbers admit several strange properties. For example,
Qp is compact (think of how to prove this using the tree visualization above), and every point
in an interval is the center of the interval. To see the second claim, imagine highlighting all of
the paths in the tree which are a xed distance away from~ ;0;0;0e (illustrated below). Do
this again starting with an element which you highlighted (for example = ;0; 1; Oe).
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3 Homological Algebra

Lecture 6: Abelian category, exact sequence, derived functor

This lecture is about homological algebra, as a motivation for sheaf conomology. One can think
of homological algebra as the category theory generalization of algebraic topology. Like often
in category theory, we will take a tool that is natural and powerful in one category|in our
case (singular) (co-)homology in the categoryOpen ~X « for any topological spaceX |and we
will express it in terms of category theory only, to be able to generalize it to other categories.
The result is homological algebra. However, the drawback is that the thus de ned objects are
not de ned constructively but by existence of an object of certain properties. So it is easy to
de ne, but not easy to compute. For this reason we will later learn about sheaf cohomology,
which is not as general, but by being more speci c it will be easier to compute.

References. [KS13, Chapter 1 Section 1{3] and [Rot08, Sections 5.5, 3.1, 3.2, 6.2]

Singular (co-)homology in Open "X

We rst look at singular homology. There we start with the complex

Sn 1 Sn S0

consisting of the free abelian groupss, generated by all singular simplices, that is all continuous

maps from the standard n-simplex to X . The free abelian groups are connected by boundary
maps. To specify the coe cient group G, we apply the functor a z G (which replaces the free

abelian groups by a direct sum of copies 06, namely one copy ofG per singular simplex):

S, 1azG S,azG SoazG

And we get singular homology with coe cients in G by taking kernels mod images of the this
new chain. To summarize, we start with a chain of maps, then we apply a functor, and we get
homology by kernels mod images. (Note that the functor step could have easily been hidden
by building the coe cient group already into the rst step.)

In order to get singular cohomology, we follow the same recipe, but just apply a di erent
functor, namely Hom™ ;Ge. Note, that Hom™ ;Ge is contravariant and therefore ips the
direction of the complex:

Hom™S, 1;G* Hom™S,;Ge Hom"™Sg; Ge

Kernels and Images

In order to de ne homology as kernels mod images, we need to understand what kernels and
images are in terms of category theory.

In the above setting we compute kernels and images in the categorb . In this category,
we can de ne the kernel of a group homomorphismf H G as kerf "h>H S he 0,
where 0 is the identity element. To generalize this, we need a category theoretic “zero'. This
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motivates the following de nition, which can be seen as an enhancement of the de nition of a
locally small category, by asking for the morphisms between two objects to form not only a set,
but even a group.

De nition 3.6.1  (Additive Category) . An additive category is a categoryC such that

1. Homc a; b» is an abelian group for eacha; b>0Ob"Cs and composition is bilinear:

“ffEXg g% fXg f®™g f Xg® f®Xg*

2. There is a “zero object' 0>0Ob"C+ such that Homc"0;0e 0 is the trivial group.

3. Finite products and coproducts’ (i.e. the indexing set is nite) of objects in C exist.
Exercise 3.6.2. If Cis an additive category, thena* b a( b.
Proof. Plug in the de nitions. O

Hence,Open "X ¢ is not additive, because coproducts (unions) and products (intersections)
are di erent. This can alternatively be seen the following way.

Examples  of (not) additive categories.

1) Let P be a (non-trivial) poset. Then the category P (in particular Open ~X ¢) is not additive,
because Homa "a;b» g for a® band the empty set is not an abelian group because it misses
an identity element.

2) The category Set is not additive, because Home "X; g g for any non-empty set X .

3) Ab is an additive category, because group homorphisms can be added element-wise yielding
the structure of an abelian group. Compositions are bilinear where linearity in the right
component comes from the group homomorphism property and linearity in the left compo-
nent comes from the de nition through element-wise addition. The zero-object is the trivial
group. Finite products and nite coproducts are both direct sums.

4) Vect is an additive category as well, for the same reasons a&b .

5) Let C be any category (not necessarily additive). The category FuiC, Ab ¢ is additive,
because Homy, "F; Ge, the set of natural transformations between two functors F; G, be-
comes a group through element-wise addition: The sum of, >Homg,, "F;Ge is de ned

as o ce ¢ “ce >Hompa, "F7ce; G cee. The rest of the properties can be checked,
making use of the fact that Ab is an additive category.

Next, we de ne functors that preserve the extra structure of additive categories.

De nition 3.6.3  (Additive Functor) . A functor F B  C between additive categories is
additive i

HomB‘a;b-DF Homc F " as; F " bee
is a group homomorphism for each paira;b>0Ob"Bs.

Assume C is an additive category. With this additional structure, we can de ne the kernel
of a morphism.

De nition 3.6.4  (Kernel). If an b>Mor”Cs, then the kernel of f, ker f, is (if it exists)
1. an object kerf >Ob™Cs
2. a morphism kerf a>Mor"C

such that

"Exercise 3.6.2 suggests that it is enough to require only one of the two to exist. This is indeed the case in
this setting: Requiring that nite products exist will imply that nite coproducts exist and vice versa.
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a ! b
T 5
ker f

commutes, and if there exists another objectc together with a morphism ¢ a that makes
a ! b
1 .
c

commute, then this morphism factors through kerf, i.e. 8! ¢~ ker f such that

i

kerf

commutes.

By dualizing, we can de ne the cokernel:

De nition 3.6.5  (Cokernel). If a E)f b > Mor~Cs, then the cokernel of f, cokerf , is (if it
exists)

1. an object cokerf >0Ob"C
2. a morphism cokerf  b>Mor"Ce

such that

a—>b

T |

cokerf

commutes, and if there exists another objectc together with a morphism ¢ b that makes

f
a———b

]

commute, then this morphism factors through cokerf , i.e. 8! cb cokerf such that

f
a—— b

.

cokerf

|

1
5t/

!
3
C
commutes.

Intuitively, one can think of the cokernel as the part of the target space that is not reached

by the function. In the category Ab (or Vect ), the cokernel of a group homomorphismA Df B
is cokerf BOimf :

Using the de nition of kernel and cokernel, we can de ne image and coimage. Note that in
the category Ab , the coimage of a group homomorphismA Df B is coimf A0 ker f -
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De nition 3.6.6  (Coimage). Let an b>Mor”C* be a morphism. If kerf exists, let denote

the morphism kerf B a from the de nition of kernel. The coimageof f is coimf  coker
(if it exists).

Dualizing yields the de nition of image:

De nition 3.6.7  (Image). Let an b>Mor”C» be a morphism. If cokerf exists, let denote

the morphism cokerf B b from the de nition of cokernel. The image of f isimf ker (if
it exists).

Assuming kerf; cokerf; imf; coimf exist, we get the following commuting diagram:

0 0

ker f /><;\>)cokerf
00|mf ----3 imf

where the solid arrows come from the de nitions of kerf; cokerf; imf; coimf. The dashed
diagonal arrow comes from the de nition of coimf as coker . To induce the horizontal dashed
arrow we rst need to prove that X"coimf ° b is 0. By the commutativity of the
diagram, we see that X"a coimfe 0, yielding the following commutative diagram:

kerf ————~ a

T, |

coimf 0

I
I
I
§!i 0
|

v

cokerf

Using the de nition of coim f as coker , we see that there must be a unique arrow coirfi
cokerf which makes the diagram commute. Therefore X“coimf © b 0. Finally, we
obtain the horizontal dashed arrow coimf = imf from the de nition of im f as ker .

. . f . .

Note that in the the category Ab for a group homomorphismA B B, this horizontal
dashed arrow is the isomorphism between coirh Ad ker f andimf fromthe rstisomorphism
theorem. This motivates the following de nition.

De nition 3.6.8  (Abelian Category). An additive category Cis abelian i
1. kerf and cokerf exist® for eachf >Mor"Cs
2. the canonical morphism coinf = imf is an ismorphism for eachf >Mor"Cs.

Intuition: \Abelian categories behave like the category of abelian groups."

Examples  of (not) abelian categories.

1) Ab is an abelian category because it is additive (see the 3rd example of (non-)additive
categories), kerf and cokerf BOimf exist, and the rst isomorphism theorem yields an

isomorphism between coinf Ad ker f andimf.

2) Vect is an abelian category as well, for the same reasons ab .

8and thus also im f and coim f exist as they are de ned as kernels and cokernels
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3) Let C be any category (not necessarily additive or abelian). The category FUhC, Ab ¢ is
abelian®, because it is additive (see the 5th example of (non-)additive categories) and the rest
of the properties can be checked, making use of the fact thaf\b is an abelian category. In
particular, for any poset P, Fun"P; Ab « is abelian. This motivates sheaf theory:Open“X ¢
does not have the necessary structure to use algebra, but Fi®pen "X «; Ab « does.

4) So far, all examples that were additive were also abelian. However, there exist also examples
of additive categories that are not abelian, for exampleBan ¢, the category of complex
Banach spaces with continuous linear maps. However, in order to see why it is not abelian,
we would need functional analysis.

Exact Sequences

For the rest of this lecture, assumeCis abelian. This extra structure allows to study complexes
of objects (like when computing (co-)homology).

De nition 3.6.9  (Exact Pair of Composable Morphisms) A pair of composable morphisms
ab bP cin Cis exact]

1. gXf 0

2. The induced morphism imf * ker g is an isomorphism?°

where the vertical dashed arrow is induced by the de nition of cokerf and the fact that
g Xf  0; and the horizontal dashed arrow is induced by the de nition of kerg and the
fact that the composition of g with the morphism of im f is zero.

De nition 3.6.10  (Exact Sequence) A sequence
D ab a.bP'a,b

in Cis exacti each pair of composable morphismsa Egi a1 IE) "a , is exact.

De nition 3.6.11  (Left Exact Functor) . An additive functor F B  C between abelian
categories isleft exact i for each exact sequenceé’

0b ab bb c
in B, the sequence
0b Faab F'bb F’ce
is exact in C.

Intuition: \Left exact functors preserve injectivity"

9And it is true for any abelian category D, not just Ab itself, that Fun "C;D+ is abelian.

1010 Vect or Ab these two conditions simplify to one: im f ker g.

11sometimes, in the de nition of left exactness a 0 is added at the end of the sequence, i.e. left exact i
0 a b ¢ Oexact O 0 F'as F"b F“ce exact. This de nition is however equivalent [ ?].
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De nition 3.6.12  (Right Exact Functor) . An additive functor F B  C between abelian
categories isright exact i for each exact sequence

ab bb cb 0
in B, the sequence
Frasab F'bD F'ceD O
is exact in C.

Intuition: \Right exact functors preserve surjectivity"

De nition 3.6.13  (Exact Functor) . An additive functor F B  Cbetween abelian categories
is exact i it is right exact and left exact, i.e. i 12 for each exact sequence

0P ab bb cb 0
in B, the sequence
0b Faab F'bD F'ccb 0
is exact in C.

From an algebraic perspective, (co-)homology is a way to measure how badly a functor fails
to be exact.

Example 3.6.14. Let Cbe an abelian category. For eaclt >Ob”Cs, the functor
Homc"c; » C Ab

is left exact, but not necessarily right exact. For example forC Ab, the sequence
0P zD°zD Z0,,D 0

is exact, but if we apply Homay, 4] o7, * we get (up to isomorphism)
0P zD°zD Z0,,D 0

which cannot be exact, because the kernel of the last map 40 o7 but the image of the map
before this is 0, and hence not the same. This shows that Hogg "4 0 27, * is not right exact.
Using the following de nition we can therefore say that 20 o7 is not projective.

De nition 3.6.15  (Projective and Injective Objects). An object ¢ >Ob"Cs is projective i
homc™c; e is exact, and respectivelyinjective i hom¢™ ;ce is exact.

De nition 3.6.16  (Projective and Injective Resolutions). Let C be an abelian category and
c>0b"C.
A projective resolution of c is (if it exists) an exact sequence

P, P1 Po c O

where P; is a projective object in C for eachi.
An injective resolution of c is (if it exists) an exact sequence

0 ¢ Iy l1 I
wherel; is an injective object in C for eachi.

It is very di cult to come up with projective or injective resolutions, as it is already di cult
to come up with projective/injective objects. Sheaf theory is useful because we will use topology
to build these sequences instead of having to guess them.

12The implication from right to left is not obvious with the de nitions we use. However, with the equivalent
de nition of left and right exactness|explained in the footnote in the de nition of left exactness|it becomes
obvious.
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Left Derived Functors

SupposeF B Cis a right exact additive functor between abelian categories. Suppose each
object in B has a projective resolution.
Then to each objectb>Ob"Be we can choose a projective resolution

P, P Ppb b O
and apply F to get a sequence

3 ~ 2 ~ 1 ~ " ~
B FPye B FPeB' F'Ppe® F'b» O
71111111111111111111111111121212121112121111111111111111111111111111111212121212121223111 11111111111111111°

B

exact

The left part of the sequence may no longer be exact because the functor is only right exact.
Now consider the sequence where the obje€t”b» is removed and only the projective objects
are left

B FPpe 8 P 8 FoPpe 8° 0

Even though the exactness might not be preserved, the property of two consecutive maps
composing to 0 is preserved by any additive functor. We therefore have the induced morphisms
imd, 1~ kerd, from De nition 3.6.9. These morphisms do not need to be isomorphims, and

intuitively we can measure how far they are from being isomorphisms by their cokernels. We
thus de ne, the left derived functor of F as

"LhFe b cokerimd, 1 kerd,e:
Note that in the category Vect or Ab we would have imd, 1 b ker d, and we would de ne

"LoFe be ker dn ¢y imdy, ;- However, in other categories the notion of quotient is not de ned,

so we de ne it in terms of cokernels.
The left derived functor is the analogue of homology.

Example 3.6.17. We prove"LoF<"b» F“be. The proof holds in general, but is easier to read
in the category C Ab or C Vect : As F is right exact we have imd; ker" and " surjective.
And hence,

“LoF* be ker dOOim dy FAPO.Oim d; FAPO.Oker v im" F be:
For general abelian categoriesC the proof follows the same principle but looks more com-
plicated:
"LoF<*"b» cokerimd;  kerdg* cokerd; coim" im" F“be

where the rst isomorphism can be proven using kerdy F“Pge (asdy 0), the second using
imd; ker" (becauseF is right exact), the third isomorphism is given by the de nition of C
abelian and the last isomorphism is inT"  ker 0 F“b» (becauseF is right exact).

The notation of the left derived functor as "L, F " b» suggests that the constructions does
not depend on the choice of projective resolution. And this is true as the following theorem
shows.

Theorem 3.6.18. With all above assumptions
1. "LoF<*" b does not depend on the choice of projective resolution dif
2. L,F de nes an additive functor*® from B to C.
3. If
0P ab bb c¢cb 0

is exact in B, then

13We only dened LnF on objects, not on morphsisms. To dene LnyF on a morphism, one would need to
lift the morphism to the projective resolutions (not necessarily uniquely) which would then induce a morphism
between the corresponding cokernels (which is unique).
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i—— "LhFas ———— "LyF b ———— "LyF e

"Lp 1F*as —— "Ly 1F b —— "Ly 1Fe e

/:::

"LiFe"as —— "LiFe b —— "LiFce

F ae > F b >»F'co — 0

is exact in C.

We will now dualize everything to get right derived functors.

Right Derived Functors

SupposeF B Cis a left exact additive functor between abelian categories. Suppose each
object in B has an injective resolution.
Then to each objectb>Ob"Be we can choose an injective resolution

0 b lg I1 Iz
and apply F to get a sequence

0D FbrD Fllge B F lye 82 F lye
“1111111111122111222211112221111222111222211122221121212221112122221111222211222221122 121112122211121222111222211112122111121222111121111

B

exact

The right part of the sequence may no longer be exact because the functor is only left exact.
Removing F"be yields

0FF Fologe 8 F lye 8 F lype

Again, the property of two consecutive maps composing to 0 induces the morphisms i@ 1
ker @ from De nition 3.6.9. We measure how far they are from being isomorphisms by their
cokernels (inVect or Ab , by their quotients Ker @oim @ ,)- We thus de ne, the right derived
functor of F as

"R"Fe b cokerim@ 1 ker @e:
The right derived functor is the analogue of cohomology.
Example 3.6.19. "R°F<b F“b can be proven using the fact thatF is left exact.

Again, as the notation "R"F " b suggests, the constructions does not depend on the choice
of injective resolution:

Theorem 3.6.20. With all above assumptions
1. R"F de nes an additive functor!* from B to C.
2. R"F does not depend on the choice of injective resolution (up to isomorphism).
3. If
0b ab bb cb 0

is exact in B, then

14We only dened R"F on objects, not on morphsisms. To dene R"F on a morphism, one would need to
lift the morphism to the injective resolutions (not necessarily uniquely) which would then induce a morphism
between the corresponding cokernels (which is unique).
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00— F a > F b F e

P—

"RFeas ——— "RF b ——— "RIF< e

/:::

"R" Feoge — 3 "R" IFe r —— "R" Fece

T

"R"Feas —— "R"Febr —— "R"Fe e —— 1

is exact in C.

Lecture 7: Concrete computation of resolutions and derived functors

In this lecture we go through concrete examples of computing cohomology of simplicial com-
plexes using the machinery introduced in the previous lecture.

Example 3.7.21. Throughout the lecture, we will work with a triangle as a simple object to
illustrate all the constructions: let be the simplicial complex as on the gure below (left).
We can also see it as a partially ordered set (right).

V3

[ )
e / \ez €1 €3 €2
AN | XX
Vi1 e Vo Vi Vo V3

(a) The simplicial complex (b) as a poset

Choosing the category

To compute cohomology of using the homological algebra, we rst need to have an abelian
category in which we have some representation of as an object> We can view as its
poset category, but that itself is neither abelian nor does it have as an object in it. We take
Fun™ ;Ab e, which is abelian, as our initial category | this is the rst choice we make; it is a
natural example, as such functor category will always be abelian no matter what is.

Now we have two other choices to make. We need to choose

(a) a particular functor from to Ab as the starting object representing

(b) a functor from Fun~ ;Ab « to Ab which will yield a right derived functor 6 | we will need
this to be an additive left exact functor.

For (a), the simplest possibility is to chose an abelian groupG, and “send everything toG":

1c P Ab
z G
B z IdG

This group G will play the role of the coe cient group in the nal cohomology.
For (b), we will look at two options that are always available. Both of these are also additive
and left exact in general, which makes them good candidates to study:

1550 that we can compute the injective resolution of that object (or weaker su cient alternative of that), to
which we then apply a left exact (additive) functor, and obtain the right derived functor, which nally yields (a
version of) the cohomology.

18|n the full generality, this could be a functor to any abelian category.
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" The covariant Hom-functor for a xed functor H. This is really a family of examples,
since we have a choice of the functoH .

Homgyn~ .ap."H; * Fun™ ;AbeD Ab
Fz HomFun‘ :Ab .AH;F’
F Gz t

Anobject F of Fun® ;Ab ¢, which is a functor, is sent to the set of natural transformations
from H to F. This Hom-set has an additional structure of an abelian group inherited from
Ab : for ; H F, the addition is de ned component-wise as’ o X X
for each objectx >Ob" e, where x IS de ned by the abelian group structure of
Hompap "H ™ Xxe; F " Xee .

A morphism of Fun™ ;Ab ¢, a natural transformation F G, is sent to a mapping :
acting via post-composing. That is, given a natural transformation H  F, we obtain
a natural transformation 4~ « X H G (see vertical composition in 6.1.1).

The limit functor.
Ié)m Fun™ ;Abeb Ab
Fz ImF
b
F Gz ImF*ImG
b b
Since is in our case a small category, we can see functors going from it as diagrams, and

we can, therefore, consider limits. The categoryAb has all limits, and limits are unique
up to isomorphism, so EI)imF will always be well de ned.

The morphisms are uniquely determined by the universal property of limits. The natural
transformation F G yields a cone form +%imF to the diagram G, which, by the

universal property of I+i3m G, factors through I+i3m G via the unigue morphism e.

Sanity check for the construction with the functors introduced above. We do not
need the full resolution to calculate degree zero derived functors | as noted in the previous
lecture, R°F"b» F“be. Let us check what we get if we choose the functof.; Ab for (a),

and the limit functor Iig1 Fun® ;Abe« D Ab for (b) for two di erent simplicial complexes .

" First let e o be a simplicial complex with just two vertices. Then as poset-category
has only two objects with no morphisms between them. The limit gm 1; is then a product
of two copies ofZ:

R°|+i)m 1z lim1g zZ 7227222

" Now let e—e be a simplicial complex with two connected vertices. The corresponding
poset category isvy; € Vz, so the limit Ign 1, is a pullback:

Rolii)m 1, I+i3m 1 nime>1;"vie " 17 voeSlz"vy e’ ne 1;°vo e’ mee

“Nnme>Z""Z% me Z

We see that we got a free abelian group of the rank the number of connected components, which
is what we would expect the zero cohomology with coe cients inZ to be.

Constructing the resolution

It is in general dicult to nd the injective resolution needed for the de nition of the right
derived functors. We can see this as analogous to the diculty of nding some simplicial
structure on a topological space. It turns out that under some additional assumptions, we do
not need to nd injective resolution; a certain “weaker resolution' su ces.
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Back to the triangle . Let us x some abelian group G as the coe cient group, and let

us x the functor 1g Ab as our representation of in the category Fun™ ;Ab ..
Now we would like to construct an injective resolution of 15, that is, an exact sequence
0 1¢ lo 11 ::i:, where eachl; is injective. However, the injectivity is dicult to

compute or test algorithmically. Luckily, it turns out that in our more speci c setting, it is not
really needed. Together with the exactness, it is enough to assume surjectivity of certain maps
in the construction. We need |;'s to be so called abby (or asque) sheaves. In particular,
I;°f+ needs to be surjective for every morphisnt in for all the functors I Ab in
the resolution, but there are more conditions | we will not go into details at this point. We
just state here that the following construction, while not necessarily injective, is su cient for
computing the right derived functor. The construction would be analogous for any simplicial
complex , but for simplicity, we will focus on the triangle.

Constructing 1. We need to de ne a functor | g, and a natural transformation 1 1o. We
de ne |y as follows:

e, D Ab

z ?2 G
B

Bz »G6B”%2 ¢
B B

The direct sum > g G goes over all cofaces of (in general of arbitrary dimensions). For
example>, g G >-y,6,0,.G G G  G. To de ne the morphisms, we see the copies oB
as labeled by the simplices, and we just project to the corresponding coordinates. For example
for v; Be; we get

|0AV1 Be,e 2 GBb 2?2 G

“vier.ese “ere
0%

Note that the projections are all surjective, because if B , then all the cofaces of are also
cofaces of .
To de ne the natural transformation " 1g 1o, we need to Il in the

s in the following

diagram(s):
G 1@ — 2 iy er G
idT TPrOJ'z
G 1lg'vi* ————l’vie G G G es/
"{ ,, Jprts w e
G lg'ess —=2 S lg'esr G

We need it to commute, and we need 0 —s 1g — Ioto be exact, which means that for each
>0b" e, the sequence 0— 15~ ¢« — 1o~ eneeds to be exact. That is, all" 's must be

injective. We dene "¢ idg for all the edges. For",,, we know from the commutativity of
the diagram that g needs to be sent to' ?,g;g*. The \?" can be chosen arbitrarily | we choose
it as 0, which will be useful later. That is, we dene ",, g ( "0;g;¢, and similarly for the

other two vertices.

1

Constructing 1;. Next, we de ne functor |,, and natural transformation @ 1o 1:. The
functor 1, will be very similar to g, but instead of direct sums over all cofaces, we take direct
sums over all strict cofaces:
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1 D Ab

z 2?2 G
@
B z ?GgOJ?G
@ @

In our situation, this means that vertices will be sentto G G, and edges will be sent to 0.
The morphisms @< need to be de ned so that we have exactness irg, i.e., so that their
kernels are equal to the images of .

G lc e S SN lo"err G _@. l."e;» O
idT TProj 2 To
~ ""1 ~ N N A@'vl ~ N

G lg'vi* —————lgvie G G G ———li"'vie G G
g [ b

G 1GAe3' % |0Ae3. G &) |1Ae3| 0

The morphisms of @ for edges are clearly all 0, since the codomain is 0 { this is also the
only choice to obtain exactness inl for the edges.

We need to de ne” @ey, so thatim",, ker"@ey,,i.e.,, " 01;0;03 issentto 0i itis of the
form "0;g;g°. One way to do this is to dene "@ey, "G1;02;03* ( "01;03 Gz¢. We proceed
analogously forvy, vs.

Constructing |, and further. In our case, we see that@ is actually surjective. This means
that we can de ne Iy 0 for all k C2, and the sequence

0D 1D 1,8 1D 0

is exact. This is because we have no faces of dimension higher than one.

In general, we would proceed analogously, de nind,” « as the direct sum of as many copies
of G as there are cofaces of with dimension higher by at least two. The maximal k for which
I« is non-zero is the dimension of the simplicial complex. The construction would also work for
CW-complexes or similar nice objects.

Functors from Fun™ ;Abe to Ab

With the resolution at hand, we can apply di erent additive left exact functors, and obtain
possibly di erent notions of cohomology. Here we go through two examples that ultimately
lead to the same cohomology. We look at representable functor Hogs, “1z; ¢, and the limit
functor IiDm , both of which we already brie y introduced before.

The representable functor Homgyn, "1z; . The rst functor we look at is

Homgyn~ ap."1z; * Fun® ;AbeDH Ab
Fz Homgn~ .ap. 1z;F¢
F Gz +

Choosing a representable functor is nice, since they are left exact in general. Choosidg for
the domain is nice, sinceZ is the free Abelian group with one generator. This means that
for any abelian group A, we can see any mafZz A as choosing one element ol { the one
where 1 is sent { and every element oA is represented by a unigque such map. This yields a
natural bijection Hom s, “Z; Ae  A. We can then view an element of Horg,, “12; F ¢ as picking
an element in each of the groups in the image oF. We apply this functor to the sequence

0 g @ I, O (recall that we remove 1 from the beginning of the resolution before applying
the functor F).
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First, we look at what Homg,, “17; 19 is { what are all the natural transformations  from
17 to 19? That is, what are all the possibilities to choose one element from each,” ¢ so that
the choices are consistent with all the maps inl¢? Let us choose an elementa,;ay;az® from
the group 1¢"vye and “by; bp; bze from 14" voe, and look at the following diagrams:

11— s a;;ap;asze l—— "bi;by;bse

Z 17°vie —51g°vie G G G Z 17°vee —25 19°vee G G™ G
idl J{Proj ) idl lProj )

Z 17es 51" G Z 177e;r —5 0g°e;r G
11— a 11— b

Firstly, we see that choosing an element fromly"vy* already determines the choice of the
element from 5" e;* { this is the case for any simplex and its coface. Secondly, we see that we
can not choose the elements fronty"vye and | o"v,¢ independently { from those two particular
diagrams, we see thata, must be the same ash,. Altogether, we can independently choose
six elements ofG, one for each simplex. Schematically, the natural transformation for a choice

"Ovyi0vs: Ovsi Oey s Oe,y; Oes o lOOKS as follows:

&1 & & ey es e,
XX 1> =<1
i V2o Vs "1 e s Ges ® "y, e s G, ® "Ovs; ey s G ®

Therefore, we have
Homgn “17;10* “maps from to Ge G°:

Now let us look at Homgy, “17;11¢. Things are a bit easier now, sincd ;e + 0 for all the
edges, and all the maps inl; are 0. This means that we have no dependencies between our
choices of elements from ;"vie, I1"voe, and 11" v3e. Each of these isG ™ G, so together we can
again choose six element5gy, e, ; G es; Qvzer Bvases s Qvsier s Qvres® > G

e e & 0 0 0
%X I > <7 |
Vi V2 V3 Agvl;el 1Ovies® Agvziel 1Ovaier® AgV32ez 1 Ovsies®

Hence, we have Hom,, “1z;11¢ GS.

Lastly, we need to derive the map Honmgy, "1z;10° Homgyn "1z;11°. But this is just
post-composition with @. If we choose elements from groups i, we just map them by
the corresponding maps of@, and get choices of elements from groups ih;. We get a map
G® G®. Abusing the notation, we denote it by @. We have

@ G* G°

O, T Oy,
“Oo— G Qe —
“Ov:—= = O, —
Egelé( Egez ge1E
“Geo— — O —

" ge3 ¢ 993 gez ¢
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which, abusing the notation a bit more, we can actually express nicely as a coboundary matrix

100 0 0 0
-0 00 1 0 I1—
-0 10 0 0 6
000 1 1 @
001 0 0 O
"000 0 1 I

Finally, we have
ROHommn "17;1c* ker@ G;

and .
R'Homen "17;1ge © €na ©
which coincides with HO" ; Ge and H!" ; Ge, respectively.
Exercise 3.7.22. s it true that
R"HOMgn "1z; " 1ge H""; Ge
%0 R"HOMpy, "12;1gZ

The limit functor. The second functor we apply to our resolution is the limit functor
Ié)m Fun®™ ;AbeD Ab
Fz IlimF
b
F Gz ImF *lmG
b b

Let us rst look at the case of just one edge. We get the following diagram:

e G
/ r\ PV wz
o vye M vye G GG G G G
K\ /Z \\\ /’/
im T lim o

The limit is a pullback of groups
imro ™gy;:gee >G° T Gaz G

where the dotted lines are projections to rst three and last three coordinates, respectively.
For the whole triangle, the situation is similar. To obtain the limit, we start with the direct
sumlg™vie T 1g"vae T 1o vae, and take the subgroup on which all the projections commute.

T e T i T~ ) T~ ]
|0AV1° |0AV2° |OAV3° G G G G G G G G G
r\\ A~ //\[ {\\\\ 4‘\ //,’7
\\\\ } ///// \\\\\ . } /////
|l!3m lo |{|3m lo

That is, we get

limlo ™gi;:i:i00e >G T GG Osi% GoZ G
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For |, the situation is even simpler, as we have just zeros on the edges, so there are no
commutativity constrains in the diagram:

1" e l1"€ege l1"€epe
| 1AV1' | 1AV2' | 1AV3'
~ A A \\\ "‘\ //’
AN P N | -7
~o I - RS I -7
~ | -
lim 1, I|m 1
b

The limit ends up being just the product
I+|Dm 1 |1AV1‘ : |1AV2‘ ) |1AV3‘ GGZ

The morphism I{i)m @ is the uniqgue map making the following diagram commute:

|0 Vie —> |1 Vie

|0 Voe —>|1
|0 V3e —>|1 V3e
I|m@

But elements in IEi)m lo and IEi)m I, are exactly the choices we could make for the elements of

I o-groups and I ;-groups in the previous Hom-functor example. And the map induced by@
acts exactly the sameé’. Therefore, we get

0im~1 o .
R |{!)m 1z G;
1im~1 o .
R I+|)m 1 G;
as before.

Exercise 3.7.23. Is it true that

R“I{i)m‘lG- H"; Ge?

Projective resolutions in Fun™ ;Abe?

People mostly stick with conomology rather than homology. The reason is that while FUA ; Ab
always has injective resolutions, it might not have projective resolutions (we might need to look
toward relatively pathological topological objects without simplicial/lCW structure to get a
counterexample). We can get a homological-type construction for a simplicial complex by tak-
ing a projective resolution of 1z, and then computing the right derived functor of a zG (known
in algebraic contexts as Tor).

17 This is a more general phenomenon in Ab . As Fun~ ;Ab e is an abelian category, the set Hom gy, “17;F ¢
has a structure of abelian group for any functor F, and, therefore, can be seen as an object of Ab . Given any
diagram D |  Ab, itis not dicult to see that lim 5 D Homgy “1z;De.
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4 Sheaf Theory

Lecture 8 & 9: Pre(co)sheaves and (co)sheaves

In this lecture we present several de nitions for sheaves and cosheaves and show their equiva-
lence under certain assumptions. Each de nition has a corresponding problem instance in which
it is the most e ective formulation. However, we begin by de ning presheaves and precosheaves.

De nition 4.9.1. A presheaf on X with values in a category C is a contravariant functor
F Open™Xe C

De nition 4.9.2. A precosheaf on X with values in a category C is a covariant functor F
Open“Xe+ C
Examples  of presheaves and precosheaves.

1. Consider the functor taking open sets onX to functions into some group, in our caseR
(we could additionally consider continuous, constant, e.t.c). This is a group with addition
obtained by simply adding together the function outputs.

F Open“Xe Ab
U("f U Re

Now consider a morphism inOpen~X e (i.e. U bV)
F’U Ve F°Ve F Us;

hereF"U V< f e is simply the restriction of f from V to U. Note that the morphism's
direction is ipped so F is contravariant and also a presheaf.

2. We can also consider homology as a presheaf.

F Open“Xs Ab
U( Ho'U;Ze
"U Ve ( "Ho U;Ze  Hg V;Zee
This time the functor is covariant so homology is a precosheaf.

3. Let X be the simple topological space depicted below, witlopen "X ¢, the its correspond-
ing poset category also depicted below. Now let us de ne the contravariant functor- as

U/USV X\v
\Ugv/

below. Each open set is mapped to a one dimensional vector spakeand the whole space
X is mapped to an arbitrary vector spaceV. The diagram below show the e ect of F on
the morphisms of Open“X ¢, where' is some linear functional.

Then it is clear F forms a presheaf onX with values in V. Furthermore, if F"Ue;F Ve
and F"U 9 Ve are not su cient to completely determine F~X e then F is just a presheaf
and not also a sheaf.

We now turn our attention to de ning sheaves and cosheaves distinctly from presheaves and
precosheaves.
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N V
F Open”™Xe Vect
U( K \
K .
V( k

/
uov ( k x

X (V K

k

De nition 4.9.3. Let "Ui*isy U b Open”Xe+ be a a collection of open sets. Thenerve,
N~Ue 7J nite subset of I 9;5; x g+ is a poset category, such thatd K if J ° K for
J;K >N "Us

There is a natural functor:
iu N"Ue® — Open~Xe

J———— U

T T JifFJ T K,

K —————— U

or alternatively,

iu N"Us ——— Open~X+°P

Here one of the categoriesN "Ues or Open~ X« must be ipped to its opposite category so
that the functor remains covariant.

Exercise 4.9.4.

1. Show thatlé)m i 8isUi.
2. Show thatlimiy 8y U;.
)

De nition 4.9.5. A sheaf F on X with values in a complete categoryC is a contravariant
functor F Open”Xe C such that for each collection of open setdJ ~Uj*i5 b Open~Xe
the canonical mapF"lim i+ lim"F Xig’« is an isomorphism.

From Exercise 4.9.4 we know that this limit is just the union, so we can think about sheaves
as functors taking unions to limits.

De nition 4.9.6. A cosheaf F on X with values in a cocomplete categoryC is a covariant
functor F Open~Xe+ Csuch that for each collection of open setd) ~Uj*i5 b Open~Xe
the canonical map If‘lém iye I{_i)m‘lf‘ Xiye is an isomorphism.
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Similarly to sheaves a cosheaf then can be thought of as a functor which commutes with
colimits or which takes unions to colimits.

De nition 4.9.7. A sheaf F on X with values in a complete categoryC is a contravariant
functor F Open”Xe+ C such that for each collection of open setdJ ~Uj*i5 b Open~Xe
which is stable under nite intersections (i.e. U; 9 U; >U for all i;j >1), the canonical map
Bm F  F"8jUje, is an isomorphism.

u

Here it is bene cial to consider U as a \subcategory" of Open "X ¢ (see the diagram below)
and F as a functor on this subcategoryFy U Csuch thath F Ié)m Fu.
U

el T~

Ui 9U, Uz 9 U

De nition 4.9.8. A cosheaf F on X with values in a in a complete categoryC is a covariant

functor F Open~Xe+ Csuch that for each collection of open setd)J ~Uj*i5 b Open~Xe

which is stable under nite intersections, the canonical map Bmlf F"8iU;s, is an isomor-
u

phism.

Note: The following sheaf and cosheaf de nitions are valid for any categories with an \ele-
ment" operation, not just Set (e.g. Ab ;Vect).

De nition 4.9.9. A sheaf F on X with values in Set is a contravariant functor F Open~X e
Set such thatif “U;je;5 b Open”Xe, s >F“Ui-,andF”Ui9Uj Uie sje* FAUi9Uj Uj‘ASJW
for all i;j >1, then there exists a uniques >F"8;U;* such that F"8U; U;«" s+ s forall j.
This de nition says if pieces of information from open setsU; ; U; agree on pairwise intersec-
tions then there exists a unique element in the functor applied to the union of all open sets such
that restricting to any open sets gives back the initial information. Or more intuitively, if local
sets are glued consistently we can recover the initial data from a unique piece of information
taken globally.

De nition 4.9.10. A cosheafF on X with values in Set is a covariant functor © Open~X ¢
Set such that for each collection of open seté) ~U;+i5 b Open”™Xe, if s;; >F U, QU (i @),
and F*Ui 9U;  Ui"sij s F U 9U;, U sice for all jk >1, then there exists a unique
s>F"8;Uje such that F"U; 9U; 8iUi*"s;;» sforalli@.

De nition 4.9.11. A sheaf F on X with values in Ab is a contravariant functor F Open”~X
Ab such that for any collection of open setsU ~U;¢i5 b Open”Xe, the sequence

0D F8UsD MF U+& MFUIU-;
[ i@
where
do™0;:::;0;8;0;::0e Q FTUiOU;  Uie"sie Q FTU 99U Ui sie;
i@ k@
is exact.
Note: The degree mapd, is exactly the degree map formCech cohomology.
De nition 4.9.12. A cosheafF on X with values in Ab is a covariant functor F Open X«
Ab such that for any collection of open setsU ~U;¢i5 b Open~X, the sequence
Ci@FU9U 8 PUSD PU8iUe D O,
where
@M 0; L ;0; Si;j ;0; A 1 |£M Ui 9 Uj Ui " Si;j o FAAUi 9 Uk Ui o Si;j L
is exact.
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Proposition 4.9.13.  Given a presheafF on X with values in Ab and a collection™ Uiy
U b Open~ X, the following are equivalent:

1. Jim FB F"8U;e

2. If 8 >F"Uje sit. F'U; 9 Ui U sie F'U; 9 Y Y ‘AS]" then 8!s >F"8U;e* s.t.
FAU]' 8Ui‘AS‘ Sj

3.0 F'8U*DL;FU& LgF U9U-is exact,

Proof. "2¢ O "3
Suppose”s;;:::* >ker dg, then for every pair of elements the di erence,

FAUiQUj Ui°ASi‘ FAUi9Uj Uj'ASj' O,: I@,

and hence they must be equal.
Now from (2) we know there exists a unique global elemens >F"8;U; ¢, that restricts to each
local element, or explicitly,

FAUj Ui'AS' Sj,:jZ

Sos must be the preimage of each elemernits;;s,;:::¢ "“se. Which is to say, kerdy bim".

Now sinceF is a functor it must preserve compositions of morphisms, in particular,F ™" U,
Ues XU 9U;  Ujee F Uc9Uc U Which implies im" b ker dp.

Finally since s was a unique preimage, the map' must have bee injective. So we conclude
the sequence is exact.

"3+ 0 “le

We begin with the diagram from implied by De nition 4.9.5, below left, where we have restric-
tion maps "k F"8ijUjs F"Uke and de nitive limit object as we are in a complete category.
Our goal is to show that the unique map to the limit is in fact an isomorphism. By rearranging
the diagram and mapping into products rather than distinct open sets, as in below right, we
obtain the sequence from (3) which we assume to be exact. Since the sequence is exacis

F Uy* FAUk9Uj'

F'8Ue - ImF — L F U % Ly gF U9y

injective and therefore so is . Then by the commutivity of the left triangle we know im " bim'
and additionally by the commutivity of the upper triangle we know im ' b ker dg. Combining
this with the exactness of the sequence we obtain:

im"bim' bkerdy im"

Now suppose' were not injective, then it would be possible to de ne multiple  maps main-
taining the continuity of the diagram, one for each element mapped to the same element by
', however this violates the uniqueness of so' must be injective. Finally commutivity of
the triangle and injectivity of ' implies must also be surjective and therefore an isomorphism.

42



"1le O "2

We want to show if 8s; >F"U;e s.t. F™U; Ui 9y, o gje FAUJ' Ui 9y, -Asj-then 8ls>F"8U;e
st. F'U;  8Ui*"s» 5. By (1) we have equivalence of the union and the limit then by the
de nition of the limit we can complete the commutative diagram below with the free group
generated by an elemenf's;;s;;:::* >L ; F"U;*. Since the map from the free group to the limit

FAUK‘ > FAUk9Uj‘

>

limF
b

A

8!,

|
Z277S1;Sp; e

Skt FAUkQUj Uk'ASk' FAUkQUj Uj'ASj'

S S1

a "Sp;Soiie

is unique there must be a uniques >Iém F. Now by the commutivity of the diagram when we
restrict F"U;  8;U;*" s* we gets; as required. O

Proposition 4.9.14.  SupposeF is a sheaf onX with values in Ab . Then F"ge “Se 0.

Proof. Let U g. Then
0 F'ge M M,;
g g
is exact. But how do we make sense of this sequenca?, >Ab is an object such that for
each objectG >Ob"Ab », there is a unique map:

L

AN
!
!
|

«

|
G
There is only one possible map satisfying this diagram for all abelian groups, namely the zero
map. SoLy, OandF"ge O. O
Exercise 4.9.15.

1. SupposeF is a sheaf onX with values in Set. Show thatF"ge is a set with one element.

2. What is F~ge for a cosheaf onX with values in Ab and Set?

Examples of sheaves and cosheaves.
1. Let X 0;1 " R. De ne a functor,

F Open™Xe Ab

g(o
u( z

U Ve ( "FU-B? FVee

LetU 0;14 andV 34;1. So by applying F we obtain the diagram:
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This is exactly the pushout diagram where the restriction maps are 0. So we are looking
at pairs of integers which agree under the zero map, i.e. any pair. So the&DIimF
N “U

Z" ZxZ. Therefore F is merely a presheaf and not a sheaf.

2. Supposef E B is a continuous map (inspired by vector bundles). The presheaf o3
with values in Set de ned by:

F’Ue "s U E$ Xs idyr;
is a sheaf. This sheaf is called thesheaf of sectionsof f .

3. Supposef E B is a continuous map (think vector bundle). The precosheaf orB with
values in Set de ned by

F"Us o°f "Ues set of path connected components of 1"Ue

is a cosheaf. This cosheaf is called thReeb sheafof f .

5 Sheaf Cohomology

Lecture 10: Morphisms of sheaves, stalk, shea cation

The aim of this lecture is to show that the category of sheavesSh™X « is an abelian category
although this is not obvious. Once it is an abelian category we can apply homological algebra
(see Section 3) to it.

References. [Curl4, Chapter 2 85] and the lecture notes of the class taught by Pramod Achar
https://www.math.Isu.edu/  ~pramod/tc/07s-7280/ 18

Morphisms of Sheaves

In the following, the paths between sheaves and cosheaves diverge. Therefore the theorems
about sheaves and cosheaves become less and less analoguous. We therefore decide for the
more straight-forward of the two, sheaves, and discuss only them. Unless stated otherwise,
sheaves will have values imAb 1°.

To turn sheaves into a category, we need morphisms between sheaves.

De nition 5.10.1  (Morphism of Sheaves) A morphism between sheaves oiX with values in
Ab is a natural transformation between the sheaves viewed as functors. In other words, a mor-
phism' F G of sheaves orX is a collection of group homomorphisms™ y 3J >Open "X s
such that the diagram

F Us — G Us

| |

F*Ve —Y3 G™Ve

commutes for each pairV b U

18The notes by Pramod Achar cover more material than we will here. However, the rst 2{3 lecture notes
cover similar topics as we do.

19Some of the statements would be generalizable to settings without abelian group structure, but for the sake
of easyness, we nevertheless restrict ourselves to abelian groups.
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Let Sh™X « be the category of sheaves oiX with values in Ab . De nition 5.10.1 can be
alternatively phrased using the forgetful functor from sheaves to presheaves

For Sh™Xe Fun"Open®~Xs;Ab
by de ning

Homgp,~x."F;G*  HOMg,n ~open o ~x «:ab « FOr F; FOr Ge:

Kernels and Images of Morphisms of Sheaves: the nave approach

To de ne sheaf cohomology using homological algebra (see Section 3) we need the category of
sheaves to be abelian. The 3rd example of abelian categories (see De nition 3.6.8) shows that
the category of presheaves FuiOpen °°"X «; Ab « is abelian. However, this does not guarantee
that the subcategory of sheaves is abelian as well. We therefore need to check that kernels and
cokernels (and hence images and coimages) exist Bh"Xe. Let' F G be a morphism
between sheaves, i.e. a natural transformation. The nawe approach fails to provide a de nition

of the image of a morphism' between sheaves. However, the nawve approach does work for
de ning kernels in the category of sheaves. To begin, we recall the de nition of kernels and
images in the category of presheaves:

ker' is the contravariant functor mapping an open setU to the abelian group

“ker' «Us ker'y kerF"UsD" G Uee

and mapping a morphismU b V to the induced (see Exercise 5.10.2) group homomorphism
“ker' o"Ue " “ker' o"Ve

is the contravariant functor mapping an open setU to the abelian group

“im'«°Us im'y  im"F U B’ G Ues

and mapping a morphismU b V to the induced (see Exercise 5.10.2) group homomorphism
“im' ¢"Ues " “im' ¢ Ve

Exercise 5.10.2. Show that forU bV the de nition of “ker' " Ve as the kernel of y indeed
induces a unique morphism'ker' «"Us = “ker' " Ve, and that the de nition of “im' <" Ve as
the kernel of the cokernel-map of \, indeed induces a unique morphismim' ¢ Ue ™ “im"' ¢~ Ve
with the help of the induced map between the cokernels.

If ker ' and im' fullled the sheaf condition of De nition 4.9.11 we could use these two
de nitions to show existence of kernels and images in the category of sheaves.

Proposition 5.10.3. Let' F G be a morphism of sheaves. Theker' is a sheaf.

Proof. A diagram chasing proof (left to the reader) in the diagram

0—— "ker' ¢ jUs —— Liker' «"Ups —— L g ker' <"Uij9Ue

| | !

iUi'—>LiFAUi'—>Li@FAUi9Uj'

| | |

0——— G jUs ———— LiGUs ——LigG U9y~

0——F

shows that ker' ful lls the sheaf condition of De nition 4.9.11 and therefore is a sheaf. O

The above proposition fails for im' . Indeed im' does not necessarily need to be a sheaf
(see Section 6.2 for an example). There is still hope, however, that images of morphisms exist
in Sh™X+. We only need to de ne the image of a morphism di erently. For this, we try to nd
out what went wrong with im ' : How can a presheaf fail to be a sheaf?

To answer this question we use theSet-de nition of sheaves (De nition 4.9.9). The state-
ment \then there exists a unique s >F"8;U;+" from this de nition can either fail to be true
by lacking existence (\not enough global information™) or by lacking uniqueness (\too much
global information™).
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Example 5.10.4 (Non-existence of sections) For X U @T and Open"Xe ~g;U;T;Xe,
consider the presheaf mapping U; T; X to a vector spaceV and identity maps between them
and mapping g to 0. This presheaf fails to be a sheaf, because fav >V F~"Ue and z >V
F~Te with wx z, there exists nov >V F"X e that maps both to w and to z, although w and
z both mapto 0>0 F"ge. In other words, F"X ¢ is not large enough.

Example 5.10.5 (Non-uniqueness of sections) For X U8T with U9T x g and Open X
"g;U9T;U;T;Xe, consider the presheafr mapping U9 T;U; T to a eld (and thus a vector
space)k and identity maps between them, mapping X to a larger vector spaceV x k over k
with alinearmap' V ksuchthat F'U ™ Xe F°T " Xe F'U9T  Xe '. This
presheaf fails to be a sheaf, because forxk F"U9Te F"Ue F"Te there is more than one
v>ker' © F"Xe with ' "ve 0 and therefore more than one section oveK which restricts to
OoverU, T,and U9 T. In other words, F"X ¢ is too large.

Both these problems are global problems, not local problems. This motivates the procedure
of shea cation: taking a presheaf that is not a sheaf, extracting the local information and
composing the local information smartly to form exactly the right amount of global information,
yielding a sheaf. We will then de ne the image of' as the shea cation of the above de ned
presheaf im' .

Shea cation

The local information of a presheaf is its stalk:

De nition 5.10.6 (Stalk). The stalk of presheafF (with values in a category C which is
complete and cocomplete, likeSet or Ab ) at x >X is
Fx IlimF Ue
b
U2x

where the colimit is taken over all open setsU which contain x.

Example 5.10.7. SupposeX is a metric space. Letx >B 1 "xe ° B%Ax- ) " Bi"xe be
the sequence of open balls aroungd with decreasing radius. Letl be the functor from the poset
category "N; B» to Open °*"X«, de ned by

I N — Open "X

—— B 1 "X

I

———> B 1 "Xe

1
m

S—— >

Composingl with the presheaf F Open "X+ Ab, yields

F Xl N——— Ab

n }—>F§3%AX“ G,

The colimit of this functor, Example 2.4.23, is
imF U limF Xl ? Gno
b b n>N
U?2x

where the equivalence relation is given by'0; ;0;9,;0 « ~0; ;0;hy;0 < if there exists m
such that ™ F XI+"I Bmes" g¢ "~ F Xl ¢ k Bmes" hy+2,

20The equivalence relation here is de ned only on a set of basis vectors for > G, and should then be extended
linearly to a relation on the entire vector space.
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Remark. The idea of De nition 5.10.6 is that F is only de ned on open sets and not on the
singleton ~“xe, we therefore take the colimit over all neighborhoods. The same idea can be
applied to any subsetY b X. Consider

Fv IEi)m F~Ue
UcY open

as the “data’ which F assigns toY .

The following proposition describes how the global information connects with the local
information.

De nition 5.10.8. Let F be a presheaf onX with values in Set. For U >Open”~Xe and
x>U, let

F U Fy

be the unique morphism given from the de nition of colimits (recall Fy IEi)m F~Ve). Dene

V 2x
sx to be the image ofs >F~Ue under this map.

Unpacking De nition 5.10.6 for the special case ofC Ab |generalizing Example 5.10.7|
yields the following equivalent de nition of the stalk.

De nition 5.10.9  (Stalk in Ab). Let F be a presheaf onX with values in Ab . The stalk of
F at x >X, Fy, is the abelian group consisting of equivalence classes of pairs

“U;s* U ?x open ands>F"Ue

where“U;se  "V;te if 8W bU 9V open such thatx >W and F"W  Ue"se F"W Ve te,
The group operation is de ned by "U;ss "V;te "U9V;F U9V U se FTUIV Ve tes,
Using this de nition, the universal map from De nition 5.10.8 is given by
F U Fy
s( sx “U;s
Also the global information about morphisms connects to the local information. Suppose
F G is a morphism of presheaves (hence a natural transformation). Then induces a
morphism of stalks for eachx >X:
X FX GX
“U;se (T U; ylsee
where y F"Ue G Ue is the group homomorphism from the de nition of natural transfor-
mations.

Exercise 5.10.10. Show that , is indeed well-de ned by showing
"U;se g Vite O “U; ylsee g TV oy tes
Finally, we can compose the local information of a presheaf to form global information.

De nition 5.10.11 (Shea cation) . Let F be a presheaf onX with values in Set. The
shea cation of F, denotedF , is de ned to be

W: x>U s"xe>F, and

FoUsm U+ BWiySUsv with x>V bU BtSF Ve ly>V sys ty |

x>U

for each open setU ° X, where * denotes the disjoint union. In other words, s chooses for
every point x >U an elements™xe in its stalk Fy in a locally constant / locally coherent way:

in small enough neighborhoodsV the chosen stalk elements”yes will always be induced by the
same elementt.
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Toturn F into a functor we de ne F of aninclusionV b U to be the group homomorphism
§ F "Ue F "V that maps a function s to its restriction sS .

Exercise 5.10.12. Prove that F is a sheaf for every presheaF.

De nition 5.10.11 can be rephrased using the following notation for Cartesian products:
Supposes >L .-y Fx. Let «"se denote the projection of s onto Fy.

De nition 5.10.13  (Alternative De nition of Shea cation) . Let F be a presheaf onX with
values in Ab . The shea cation of F, denotedF , is de ned to be
F "Ue os>M F,Wx>U 8V with x>V bU §t>F Ve | y>V  (Tse tyj
x>U

for each open setJ ™ X.

Exercise 5.10.14. Prove that ":» Fun"Open®~Xe;Sete Sh™Xe« is a functor. For this,
de ne of a morphism (i.e. natural transformation)  between two presheaveB and G as
u F "Us G "Us;s( "Lysy x* s

To show that this functor “:e is a left adjoint of the forgetful functor (see Theorem 5.10.17),
we rst need a Lemma.

Lemma 5.10.15. If F is a sheaf, thenF “For"Fee .
Proof. Exercise to the reader. O
In other words, shea cation does not change sheaves.
Lemma 5.10.16. If F is a presheaf, then} x >X
Fx "F o
Proof. Exercise to the reader. O
In other words, shea cation does not change the local information.

Theorem 5.10.17. The functor “:»  Fun"Open®~Xe+;Abes Sh™ X« is a left adjoint of the
forgetful functor For Sh™Xe Fun"Open " Xe;Sete. l.e.

Homgp-x."F ;G HOMEn~open o"x +;5et. F; FOI™ Gee

is natural.
Proof. The natural bijection is given by . The remainder of the proof can be found in
the literature. O

De nition of Images of Morphisms of Sheaves

Finally, we can de ne the image of a morphism as the shea cation of the attempt im”For™ e
we tried before, which turned out not to be a sheaf.

De nition 5.10.18 (Image of a Morphism of Sheaves) Let F G be a morphism of
sheaves. De ne

im “imTForT eee
Moreover, one can show that there is a natural inclusion of sheaves: im G.
De nition 5.10.19. Let F G be a morphism of sheaves.
is injective if ker 0
is surjective if im G

The fact that the de nition of image needs shea cation (contrarily to the de nition of
kernel which already is a sheaf) is a hint that surjectivity of morphisms between sheaves will
be more complicated than injectivity.
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Proposition 5.10.20. isinjectivei  "Ue F"Ue G U- is injective for all U >Open~Xe.
Proof. Follows from the de nition of ker . O

This is not true for surjectivity! It is not enough to check only the open sets, but checking
the colimits of the open sets, i.e. the stalks, is enough.

Proposition 5.10.21. A morphism F G of sheaves is

surjective i« Fx Gy is surjective | x >X
" injective i  x Fx Gy is injective | x >X
" isomorphismi s Fx Gy is isomorphism| x >X
Proof. Exercise to the reader. O

Here, it is important that the isomorphisms between the stalks are all induced by the
same morphism F G. If each of the stalks Fx was isomorphic to Gx with individual
isomorphisms, this would not be enough to conclude that- and G are isomorphic. In other
words, for F;G >Sh"Xe, we haveF G in Sh™X e implies Fx Gy in Ab, | x >X (see
Proposition 5.10.21). But there are counter-examples for the implication in the other direction.
We will give such an example now. Another example can be constructed from the sections of the
coverings of Example 5.12.43.1 and Example 5.12.43.2 (see Example 5.12.51.3). The intuition
to nd a counter-example is: The stalks give the local information in each point, but not how
the local information of one point relates to (or “is glued to") the local information of another
point.

Example 5.10.22. SupposeX U8V has 5 open setsOpen"Xe+ “X;U;V;W U9V;ge

De ne
F~"Ze Z | nonempty Z >Open”Xe;
F'ge O
and F"Z; Z,e (id*z | nonempty Z; >Open”~X
X U8V Z
U \ Z id Z
W uU9vVv Z

Exercise 5.10.23. Show thatF is a sheaf, for example by using th&et-de nition of sheaves
(De nition 4.9.9)

Next, we compute the stalks. Letx >U W. Then

Fx lmF~Ze
2
Z%
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is the colimit of the nite diagram F~Xe F“Ue which has a terminal object, namely F"Us.
Therefore
Fx Li)m F°Ze F"Ue Z:
Z 72X

Let x >W, then the stalk Fy is the colimit of the nite diagram F"Xe F~Ue F~We which
hasF"We Z as its terminal object. Hence, againF, Z.

In general, if there are only nitely many open set, the stalk Fx is the functor applied to
the smallest open set containingx, which is in this example alwaysZ.

Now we will construct a di erent sheaf, with the same stalks.

Example 5.10.24. Let X be the same topological space as before. De ne

¢z Z UV;orW
Gze 1272 Z X
&0 Z g:

G"X U« proj,
G"X Ve proj,
G'U W+ 0
GV We 0

X U8V Z Z
/ \ y w‘
U \ Z 0 Z
W uU9vVv Z

Exercise 5.10.25. Show thatG is a sheaf, for example by using th&et-de nition of sheaves
(De nition 4.9.9)

Again we compute the stalks by
Gy G smallest open neighborhood containingke Z | x >X:

And we observe that we get the same stalks as in Example 5.10.22, although the sheaesand
G are not isomorphic (becauseF"X e+ and G"X ¢ are not isomorphic).

Lecture 11: Category of sheaves, sheaf cohomology
References. [Curl4, Chapter 2] and [Bre12, Chapter 1 Section 3}

As a rst example of shea cation we shea fy the constant presheaf, which failed to be a
sheaf (see the 1st example after the de nitions of sheaves and cosheaves).

Example 5.11.26. Let| 0;1 ° R with the euclidean topology inherited from R, let G be
a non-trivial abelian group and

F Open®"le Ab
U( G
U Ve ( idg:

21Bredon uses De nition 1.0.3 to de ne sheaves. We have not had time to show that this is equivalent to our
de nition (see De nitions 4.9.5, 4.9.7, 4.9.9 and 4.9.11), but it is.
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F is not a sheaf (because rstly,F"ge G x 0 and after correcting this, two disconnected sets
would need to get mapped to two copies ofG in order to get the sheaf property (see the 1st
example after the de nitions of sheaves and cosheaves)). We compute its shea catiofr . For
computing,

'x>U s xe>F, and
. | y .
FUs s U+ KW sy with Xx>VbUS8t>F Ve !y>V sye t, !

x>U !
we rst need to compute the stalks | x >1 using De nition 5.10.9:
Fy T U;seSJ ?x open ands >F"Uee 4 1)
T U;ge U ?x open andg >Ge @)
where”U;g* "V;hei 8W bU9V neighborhood ofx s.t. F"U We"ge F'V  Wse he, As

the morphismsF"U  WeandF"V  We are the identity and as U9V is a suitable candidate
for W, this is equivalent to: "U;ge “V;he i g h. This thus yields:

Fx G x>l

Secondly, we need to compute the induced mapg“Ues F4, see De nition 5.10.8.

G F U- Fy G
g———— o Ug <+——aqg;

yielding again the identity map on G. In other words, through the identi cation of Fy with G,
O« gets identi ed with g. We can therefore simplify F "Ue to

F"Ue "s U GSx>US8V withx>VbUS8t>F"Ve]y>V s'ye to
s U GYx>U 8V with x>V bU s§ is constant
“s U GSislocally constants :
We observe
" A set of connected open neighborhoods,Vy -y, form an open cover ofU.

If Vx 9V, xg then s"xs s7ys >G,

and infer that s >F “Ue is completely determined by a choice oft > G for each connected
component ofU. Another way to say this, is

F "Us "s U GS continuous ;

where G has the discrete topology.

We introduced shea cation to de ne the image of a morphsim because existence of images
is necessary for a category to be abelian.

Theorem 5.11.27. The category of sheaves orX with values in Ab, Sh™ X, is an abelian
category. Moreover, each sheaF >Sh"X ¢ has an injective resolutiorf?

Proof. The proof can be read up in the references. O

This is what we need in order to use homological algebra (see Section 3). Applying homo-
logical algebra to sheaves is called sheaf cohomology. The roadmap is the following:
Given a left exact (additive) functor 2

Sh™Xe+ Ab

22gut surjective resolutions do not need to exist. This is the reason why in the following we will work with
right derived functors instead of left derived functors. And this explains why homology and sheaves do not work
together well, but cohomology and sheaves do.

23|n the following, we will denote sheaves with capital letters and functors from Sh™X« to Ab with capital
Greek letters.
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and a sheafF >Sh"~X ¢, we \can"?* nd an injective resolution of F:

and we \can" compute

| 1° >Ab
and we can de ne the cohomology ofX with coe cients in the sheaf F as the right derived

functor of , which is de ned as the cohomology of the above sequence, i.e.

HI"X;Fe "R <Fe Ker@o, o >Ab:

Next, we explore which left exact additive functors Sh™Xe+ Ab to use and how to
nd injective resolutions. One idea for a functor is to use a representable functor
Homsh-x."F; ¢, represented by a convenient sheafF >Sh™X . A good canditate for F is the
sheaf from Example 5.11.26.

De nition 5.11.28 (Constant Sheaf). The constant sheaf 1g, is the shea cation of the
functor which maps each open set to the abelian groupc and each morphism to ids. As
Example 5.11.26 has shown, this is equivalent to de ning:

1z “continous functions from U to Ge

where G has the discrete topology.

Example 5.11.29.
Homgp-x.”F; * Sh™Xe Ab
is additive and left exact. Speci cally, we will focus on the case wherd= 1g:
Homgp-x . 1g; °:

Another idea for a functor Sh™X e+ Ab is the functor that evaluates a given sheaf on
the open set consisting of the whole space.

De nition 5.11.30  (Global Section Functor). Given a sheafF >Sh™X e, de ne
"X;Fe F°Xe>Ab:
“X; ¢ Sh™Xe Ab is called the global sections functor

Exercise 5.11.31. Prove that "X ; e« is a additive and left exact functor.

A third idea for getting a functor Sh™Xes Ab is to push-forward a sheafF >Sh™X
to a sheaf inSh™ pee where the only information the sheaf gives is the abelian group to which
it is evaluated for the set”pe. We therefore de ne push-forwards and pull-backs.

De nition 5.11.32  (push-forward). Supposef X Y is a continuous map.
If F is a sheaf onX, de ne the direct image of F alongf (or push-forward sheaj by

f+"Fe the sheaf which maps
UbY ( Ff 1"Uee

Similarly, we would like to de ne the pull-back sheaf of a sheafG > Sh"X e along f as
mapping an open setU b X to G™f “Ues. However,f “Ue does not need to be open. Therefore,
we need to apply the same trick as in the de nition of stalk, namely using the colimit over
all open sets containingf “Ue instead. Furthermore, the thus de ned presheaf is not a sheaf.
Hence we need to sheafy it:

24 An injective resolution needs to exist but usually one doesn't know how to nd it.
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De nition 5.11.33  (pull-back). Supposef X Y is a continuous map.
If G is a sheaf onY, de ne the inverse image ofG alongf (or pull-back shea) by

f**Ge the shea cation of the presheaf which maps
UbX ( Iti)m G'Ve
Vef Ue

Example 5.11.34. Letf X  “pe, where“pe denotes the topological space consisting of
only one point. Let G be an abelian group. Letl be the sheaf inSh™ pee with 1™ pee G and
1°ge 0. Thenf*1 1g, yielding yet another equivalent way to de ne the constant sheaf, see
De nition 5.11.28.

Theorem 5.11.35. Letf X Y be a continuous map. Then
fy Sh™Xe Sh"Ye and
f¥ Sh"Ye Sh™Xe
are functors. Moreover,
© f4 is left exact,
~ ¥ s exact,
~ “f*;fe form an adjoint pair.
Proof. The proof can be found in the references. O

Adjoint pairs can be used to translate problems from complicated categories to easier cate-
gories. The adjoint pair °f *;f 4+ can translate problems fromSh*X ¢, X being a large topolog-
ical space, toSh™Ye, Y being a small topological space. In the following, we will do this forY
being the topological space;” pee .

Example 5.11.36. Letf X  “pe be the constant map. We can push-forward a sheaf on
X to a sheaf on"pe. The category Sh™ pee is equivalent to the category Ab because the
only information that a sheaf on “pe caries is the abelian group that is its global section. We
therefore get a functor from Sh™X « to Ab by composing

Sh*X« D Sh~pe B " Ab:

Exercise 5.11.37.  "X; ¢  Tpe;fs" e asfunctors fromSh”X e to Ab . Moreover, " pe;fy" ee
is additive and left exact.

As the functors are equal, their right derived functors are equal:
W "X eZ'Fe W “peify eeZFe:

Notation: As a shorthand for ““pe;fi"Fee “fi;"Fee™ pee one can write f £ "F¢ because
sheaves ori pe can only be non-trivially evaluated on~pe. Thus, as a shorthand for ™ pe;f;~ ee
one can writef s, yielding the shorter statement:

MR “X; eZ°Fe WRfiZ°Fe:
Proposition 5.11.38. Let F >Sh™X . Then
%R Homgn-x."12; *Z°Fe %R “X; ¢Z'Fe:
Proof. Should be checked by the reader. O

Together, this shows that all three ideas for left exact additive functors  Sh™Xe Ab
yield the same right derived functor, when choosingG  Z, the free abelian group. We can
therefore use any of the three for the following de nition.

De nition 5.11.39  (Sheaf Cohomology) De ne
H "X Fe Hoy. JXiFe %R “X; «Z°Fe
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The following example shows that sheaf cohomology of the constant sheaf agrees with the
traditional singular cohomology with coe cients in a group G, under mild assumptions onX
(for example if X is homotopy equivalent to a CW complex).

Example 5.11.40. If X is a manifold (or, more generally, homotopy equivalent to a CW
complex), thenH'"X;1ge H'"X;Ge.

Recall that H' "X ;1ge %R "X; ¢Z°1ge W' ~“pe;fy" o7 1ge is the right derived
functor of pushing forward to a point and taking global sections of the point. Similarly, we can
push-forward to the slightly larger spaceR.

Example 5.11.41. Supposef M R is a Morse function (i.e. a function to the real line

that is di erentialable and has separated critical values). Then, for a sheafF >Sh"Me+ on M,

f1"Fe >Sh"Re is a sheaf onR. For p>Rand , "pr 0 R, "~ gxf:c-AF- >Sh™ pee is a sheaf

on a point and can therefore be represented by its global section™ pe;”~ ﬁXfio“ Fee >Ab, in

short notation, * gxfi-‘F- >Ab . As the functor "~ pe;” ngi-, in short, ngi, is left exact

and additive, we can build its right derived functor R' ™ pe;~ § Xfyee, in short R'™ £ Xf .
Let 1 >Sh™M ¢ be the constant sheaf onM . Then,

W' IXFreZ 1ge HIf Y pee;Ge 3)

This reminds of (level set) persistent cohomology and hence raises a question: Can we think
about (level set) persistent (co-)homology as a sheaf oR? And if so, can this be generalized
to R" instead of R, yielding new insights on the decomposables of multi-parameter persistence?

Lecture 12: Etale space, local systems,  -constructibility
Theetak perspective of sheaf theory:

" Covering spaces and fundamental groups

" Fiber bundlesetaé spaces, and constant sheaves

" Local systems and representations of ;"X ; Xg*

Motivation: We want to compute cohomology, but using the general de nitions, we have too
many open sets to consider. If we want to actually compute homology, we need to throw away
‘redundant' open sets. In order to make this approach concrete, we will take a detour through
the theory of covering spaces and the classi cation of local systems.

5.12.1 Covering spaces and fundamental groups

We review a classical algebraic topology result drawing a relation between covering spaces and
the fundamental group. More details can be found, e.g., in Hatcher's Algebraic Topology.

De nition 5.12.42  (Covering space) A covering spaceof a topological spaceX is a topological
spaceX together with a continuous map

p X X

satisfying the following condition: for each x >X there exists a neighbourhoodU of x, whose
preimage can be written as a disjoint union of open sets irX,

plUs + Vi

i>l

such that the restrictions ply, Vi U are homeomorphisms for alli >1.
Note: We allow the union to be empty, so we do not requirp to be surjective; this is how it is
de ned in Hatcher's book.

Example 5.12.43. Let X S! be the one dimensional circle. We give three examples of
covering spaces.

1. X s!@s! with p acting “identically' on each of the components. We can see this as two
circles directly above our spaceX with p being the projection down.
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2. Instead of taking two circles, we can take just one circle, and deform it so that it goes
around twice aboveX ; we getX St and p sendings™ *to s°2 e, wheres 0;2 st
is the parametrization of S* by angle.

3. We can take a spiral above our circleX , with projection down. We can realize this as
X R,andp x( s"2x e, for s the same as in the previous example.

De nition 5.12.44  (Fundamental group). The fundamental group of a topological spaceX
with a basepoint Xg, denoted by ;"X ;Xge, is the set of all homotopy classesf of loops
f 0;1 X atthe basepoint xq, with composition as the binary operation.

Example 5.12.45. "Sy;Xge  Z for any xq >St.

There is a nice correspondence between the topological concept of covering spaces, and the
algebraic concept of fundamental group.

Theorem 5.12.46 (Classi cation of covering spaces, Hatcher pg. 67) Suppose thatX is a
path-connected®, locally path-connected®, and semilocally simply connectedf’ topological space.
Then there is a bijection between path-connected covering spacesX X (up to isomorphism)
and subgroups of the fundamental group;”X; X g* (up to conjugacy).

Example 5.12.47. What are the subgroups of Z corresponding to the three examples in
Example 5.12.437?

1. The covering space there is not connected. It is a disjoint union of two connected com-
ponents. The theorem classi es those separately. One component is ju§&® with p being
the identity, which corresponds to the whole fundamental groupZ on the algebraic side.

2. This covering corresponds to the subgroup2 b Z.

3. The universal covering corresponds to the trivial subgroup b Z

25There is a continuous path between every pair of points.

26 Each point has an arbitrarily small neighbourhood that is path-connectd. More precisely, for every X >X
and open neighbourhood U of x, there exists an open neighbourhood V b U of x which is path-connected.
[Hatcher, pg 62]

2TEach point x >X has a neighbourhood U such that the map  1°U;xe 1" X;x ¢ induced by inclusion is
trivial, i.e., sends every loop to the trivial loop. [Hatcher, pg 63]
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5.12.2 From covering spaces to ber bundles

Let us look at the local condition in the de nition of a covering space of X (Def. 5.12.42). For
each point x > X, there needs to be small enough neighbourhoot so that p 1"Us * ;5 Vi
is a disjoint union, where eachV; is homeomorphic toU via p. This condition is equivalent to
saying that * ;5 V; is homeomorphic toU | where we take the discrete topology on the index
set|. But what if we took some di erent topology on |? This is exactly what gets us to the
notion of a ber bundle.

De nition 5.12.48  (Fiber bundle). A ber bundle over a topological spaceX with ber F is
a topological spaceE, called atotal space together with a surjective continuous map

pE X

satisfying the following condition: for each x >X there exists a neighbourhoodU of x with a
homeomorphism
h plus U F:

which makes the diagram

plus — U F

\ S,

commute.

Fiber bundles are “locally product-like', but they do not need to be a product globally, as
the following examples demonstrate.

Example 5.12.49.

1. Mebius strip with projection on the “middle circle' is a ber bundle over S! with bers
0;1 . For small open setsU we havep "Us U 0;1.

Compare this just to taking a cylindrical surface S  0;1 with a projection to S ~ %-.

Locally, this ber bundle looks the same, but the total spaces are clearly di erent.

2. Similarly, we can take Klein bottle with projection such that p 1"Us U S, and we
get a ber bundle over St with bers S!. We can see this for example by taking the
representation by square with identi ed sides { if we draw a straight line going through
the middle of the square, we get a circle, and we can project vertically to that circle.

We can do the same for torus, and get a ber bundle which looks the same locally, but
the total space is di erent { a product S* S globally.
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3. Hopf bration is a ber bundle over S? with bers S! and total space S°. That is, we
have a projectionp S®  S? such that for small neighbourhoodsU, the preimage is
pl"Us U S We will not de ne p here, but this construction gives a nice way to
visualise S® in R3.28

5.12.3 Moving towards sheaves.

What if the ber F had some additional structure to topology, like a structure of a group or a
vector space? For instance in the Example 5.12.43.3, with a spiral covering a circle, the ber
has naturally the additive structure of Z rather than being just a discrete topological space.

Another, more general example, is taking any ber bundle, and replacing the bersF with
a (co)homology, so that locally we have projectionsU H;"F;ke U. This changes the total
space too. Taking the example of Klein bottle, we can applyH;"S*;Re, so that our * bers'
are actually the vector spaceR { see Figure 8. We will not go into details at this point, but
the cycle generatingR in the homology group comes with some orientation; if we take a point
“u;1+ >U H;"S*;Re, we can follow it along a closed curve going around the Klein bottle, and
the sign of the second coordinate will ip by the time we get back tou. This is basically a
reformulation of the fact that the Klein bottle is not orientable.

Figure 8: On the left, we see the Klein bottle as a ber bundle overS?, the vertical black
circle, and with bers also S?, the horizontal circles in color. We apply H;" ;Re to each of the
horizontal circles, getting R as new bers instead { this yields the space on the right picture,
which looks like an \in nite Mebius strip”. The maps between those new bers are induced by
the inclusion maps between the original bers { as shown in the middle picture.

Assigning some algebraic structure to neighbourhoods of points is starting to look like sheaf
theory { and that is where we are heading. In particular, this is theetale space perspective of
sheaf theory.

De nition 5.12.50 (Etale space) Theetale space of a presheafF on a topological spacexX
is the disjoint union
Et"Fe + Fy;

X>X

together with the topology generated by open sets of the form

Usv. “Sy>Fy §>Ve;

283ee, e.g., here.
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for each pair“s; Ve, s>F"Ve, V open subset ofX . Recall that s, denotes thegerm of s over
y, which is the image ofs under the restriction map

F°Ve Fy
s( sy,

where Fy E%n F"W-e is the stalk at y.

W 2y

Figure 9: The open setU-.., . in theetale space for an open setv b X and an elements >F "V e
is the set of all germss, over pointsy >V. In this scheme we see how we get to two particular
elementssy; sye>U-g.y ..

Theetale space has several very nice properties. FOK, F and Et"Fe+ as in the de nition,
we de ne the projection p Et"Fe X by sending an elemente >F, to y. Then we have the
following:

1. Et"F« is a topological space,

2. pis a local homeomorphism ontoX ,

3. p ¥"xe Fy is an abelian group,

4. group operations x Fx Fyx Fyx are continuous,

5. the functor dened by F "Ue “continuous sectionss U Et"Fee is the shea cation
(see De nition 5.10.11) of F.

Let us look at some examples of constructingetale spaces and shea cations out of them.
Example 5.12.51.

1. Consider the constant presheaf: we take any topological spack¥, and the functor F
sending all open sets taZ, and all morphisms to identity. What is Et "Fe?

For every x >X, the stalk over x is Fx  Z, so as a set, EtF* * .« Z, which we can
realize asZ X. We need to compute the open sets generating the topology of EE .

Let V b X be open, and letn >F"Ve Z. For any y >V, the germny >F, is n, because
the restriction map F"Ve Fy is the identity id Z Z. And if we view Fy as part of
Et"Fe Z X, we haveny, "n;ye. Hence, the open set we get for the paifn;Ve is

Unv. "ny>F,§>Ve T njyeSy>Ve “ne Ve
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The topology on Et"F e+ are all nite intersections and arbitrary unions of these sets. We
end up with Et"Fe« beingZ X even as a topological product with discrete topology on
Z.

Now shea cation of F is F given by
F "Ue "s U Z X S continuous section :

A continuous sections U Z X with respect to the projecton p Z X X sends
each connected componenV of U identically to “ne V for somen. Now if we put the

additive structure of the group on the set of sections by adding the rst coordinates, we
have F “Ue Z(# of connected components of Ue

The gure bellow shows Et"F e« in the caseX S'.

. In the previous example we have seen how to construct covering & by in nitely many
disjoint circles as anetale space { we started with constant presheaf sending everything to
Z. We can use exactly the same construction to get a covering by any number of disjoint
circles when we start with constant presheaf sending everything to an abelian group of
the desired cardinality. For example for Z, we get covering by two circles.

JU~0

Topologically, the etale space only depends on the cardinality ofA, butetale space has
an additional abelian structure, and so we get di erentetale spaces forA being Z, and
Zy Z,.

. We would like to constructetale space E on S which would topologically contain the
covering X by the twice-twisted circle as in Example 5.12.43, 2. We need to start with
a presheaf more complicated than a constant one, otherwise we would get something
analogous to the previous examples. But where should we even start looking? The
answer is: the correspondence ofetale spaces and sheaves!

We aim to obtainetale space whose continuous sections are the sections of the twisted-
circle covering X. We can nawely de ne a presheaf by

F"Ue ™ U X Tsis a continuous sectioi :

However, no structure of an Abelian group is given toF”"Ue. Moreover, F"S!e g, which
can not even be given any group structure. But there is a simple trick to create Abelian
groups from any set { we can take the free Abelian group generated by the sections instead
of the sections themselves. So we de ne a presheBf by

F~Us ZzF'Ur Zz™U X Tsisa continuous section Z.

This is still not a sheaf, but we can now de neetale space EfFe, and then we get the
shea cation of F by taking continuous sections of theetale space.

For every point of y >S?, if we take a small enough neighbourhoodJ, then F"Ue Z Z

| we get one copy of Z for each of the two sections. Since this is also true for all
neighbourhoodsV b U, we still have the same group in the colimit, that is, F, Z Z.
This means that as a set we have EtFe Z Z S?, which we can see as an in nite matrix
of circles. But the topological structure on this set is very di erent than the usual topology
onZ Z S!. Without a proof, let us just state that in he etale topology, the circles
“m;n;Ste and “n;m; S« are connected so that they produce the twisted double-circlex .
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5.12.4 Local systems and constant sheaves

De nition 5.12.52  (Constant sheaf). A sheafF on X is called constant if there exists a sheaf
G on “pte such that
PG F

wherep X  “pte is the map sending everything to one point.

Exercise 5.12.53 (easy). Show thatF is a constant sheaf i it is the shea caton of a presheaf
of the form 1g, i.e., a presheaf which assigns the same group/vector space/.G to every open
set, and has identities as all the restriction maps.

De nition 5.12.54  (Locally constant sheaf). A sheaf F on X is locally constant (or a local
systemif F is valued in Vect i) if for each x >X there exists a neighborhoodU of x such that

if,F is a constant sheaf

whereiy U0 X. This means that we have some shedab on ~pte such that

pte +— P U—v X
Pt it i
G~~~ p'G ijF <~~~ F
Note that we often denoteif;F by Fly.

Example 5.12.55. The sheaf we get from the etale space in Example 5.12.51, 3., is not
constant, but it is locally constant.

Analogous to the connection between covering spaces and the fundamental group, there is
a connection between local systems (locally constant sheaves valued Vfect ) and the repre-
sentations of the fundamental group.

Theorem 5.12.56. Suppose thatX is a path-connected, locally path-connected, semilocally
simply connected, and locally compacé® topological space. Then there is a bijection (even an
equivalence of categories)
“local systems on  X__ . " representations of 17X, X g% . .
isomorphisms isomorphisms

In what follows we will describe a large family of well-behaved sheaves, which in a certain
sense are "built' out of locally constant pieces. Sheaves in this family will be called constructible,
and will provide a long list of well-behaved examples for which we can compute sheaf cohomol-
ogy.

5.12.5 -constructability

If we have a triangulation h X of a spaceX , where is an (abstract) simplicial complex,

then for >, h™ < is homeomorphic to , which is a very well-behaved space, and so the
local systems onh™ e are easy to describe. This can be very useful for calculations, because
reasonable simplicial complexes are much easier to work with than general topological spaces.

29gpace X is locally compact if for every x >X there exists a neighborhood U of x and a compact K b X such
that UbK.
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De nition 5.12.57  (-constructible) . A sheafF on X is -constructible (or -cellular) if
"~ h X is a triangulation of X,
" Fly~ . is a constant sheaf for every > .

For a -constructible sheaf, the constant sheaf on a simplex > is fully described by one
abelian group. This gives us the following proposition.

Proposition 5.12.58. For h X, a xed triangulation of a topological space, there is an
equivalence of categories

-constructible sheaves orX Fun™ ;Abe;
where is viewed as a poset category.
Exercise 5.12.59. Find the two functors realising the category equivalence in Proposition 5.12.58.

This approach can be used to compute the sheaf cohomology of the sheaf from Exam-
ple 5.12.51.3. We can triangulateX ~S! by a triangle so that F is -constructible, and then
do the calculation in Fun™ ;Ab e.

Lecture 13: Cohomology
5.13.1 Cech cohomology

Let U “U*;5 be an open cover ofiX . De ne the ordered set of"n 1 tuples of indexes:
1" ™ g pe>I"1 U, 9::9U , xge:
With this we can construct the Cech complex begining with it's chain groups:
C"Ujke “f 1" ke;

for k some eld or ring. Further, de ne the di erential between the chain groups of the Cech
complex:

dy C""U;ke C" "U;ke

where the the hatted ith index is removed in each summand. Finally taking the quotient of
kernels and images of codimension 1 di erentials we obtain the&Cech cohomology ofU:

HnAU;k‘ kerd”oimdn 12

Additionally, Cech chomology is exactly the simplicial cohnomology of the nerve of the open
cover U.

Examples of Cech cohomology

1. LetX S'andU ~U;;Upe.

We rst compute the Cech complex:

61



CoU;ke ~f ~1;2¢ ko
k* k

ClU;ke ~f ™ 1;2e ko
k

dof " 1;20e  f72e "2

which may be written as k? & K, from which we computeH® U;ke kandH?!"U;ke O.
Unfortunately we do not recover the expected cohomology of the circle, however, we recall
that the Cech cohomology is really the simplicial cohomology of the nerve of the cover,
which in this instance is identical to that of a line.

De nition 5.13.60.  An open coverV renes U if eachV, is contianed in U; for somei >1.
Re nements give the set of all open covers of a spac¥ the structure of a category,U V if
V re nes U.

De nition 5.13.61. The Cech cohomology of a spacX is given by the colimit,

H' "X ;ke IgnHi‘U;k-:

2. LetX StandV ~U;;U,;Use (i.e. V re nes U).

Again we compute the Cech complex:

C%V:ke ~f ~1;2;3+ ke

k* k' k
Cl"V;ke ~f ™ 1;20;71;30;72;3e ke
k® k' k
do™ i jee flie f7je;

which may be written as k3 & k3. Now we require the matrix representation ofd.

1 1 O«
db -1 0 1—
"0 1 1°

From this we can computeH %" V;ke k™1;1;1¢ kandH"V;ke k. Which does recover

the expected circle cohomology. In fact tkaing the colimit we obtainH?"X;ke+ k and
HX; ke k.

5.13.2 Cech cohomology for presheaves
Let U ~Ui+i5 be an open cover ofiX and de ne I" as before:
I g pe>I" P U 99U | xge;

and additionally let F be a presheaf onX. Now de ne the Cech complex with coe cients in
F.
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C"U;Fe M F9 U,

0y e
dy C""U;Fe C" U;F+

Tracking the image of the di erential is a little tricky. If 0;i:iiy nebT oiiin ono1e

then there existsi such that Tooriini™Nyiity no1e. Now since the intersection of
sets intersects more sets it must be a subset of the intersection of sets, so the mapR
F'U,;::;U ¢ FU [ 9:::9U | |« is a restriction.

Now we can construct a di erential where we consider all the possible ways we could insert
an extra term.

d g .
FU, U, «BEBEED" M F'U,9:::9U -
St
st. b

d- 09::9 e QA 1°iR i

i
And nally we obtain the full di erential which is just the combination of all the d

dn M d:

> n
We are now ready to compute the presheaf cohomology daf and X .
iti ~U-Ee kerdngy. X Ee i “U-Ee
De nition 5.13.62. H"U;F nolmdn l,H” X;F Ign H"U;Fe.
V)
De nition 5.13.63. A topological space X is paracompact if for each open covell there
exists a locally nite open re nement V.

Now we additionally assumeX is paracompact andF is a sheaf. Recall De nition 4.9.11
for sheaves. This means for any open coved the sequence

0 F C%UFe CY™U;Fe
is a resolution of F (not necessarily injective).

Theorem 5.13.64. Assume X is Hausdor and paracompact, F is a presheaf onX, and let
F be the shea cation of F. Then for all n COQ,

H"X;Fe H"X;F ¢« R" "X;F e

This theorem is useful for two reasons, we can use the relatively simpleZech cohomology to
compute sheaf cohomology, and we do not need to go through the shea cation process. With-
out going into the proof we can observe that presheaves and sheaves agree on small local scales
but disagree globally and the limit is shrinking the cover elements and using tiny restriction
maps to achieve the correspondence.

5.13.3 Cellular Sheaf Cohomology

Assume 5 X is a triangulation, and F is -constructible, with respect to (i.e. further
shrinking cover elements wont changeéF). De ne St™ « the open star of ~ C . We
have an open cover oX consisting of open stars:

U "h'St eee

ot
Moreover, the nerve ofU, N "Us, is homeomorphic to (i.e. N"Ues ).
Now we may compute theCech cohomology relative toU:

0 C”U;Fe C°U:F.
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Unpacking this chain we obtain the regular sequence of increasing numbers of intersections of
open sets:

0- 1 F(EEC))) - 1 FMESEC ) nh(Se())) -
)

Clo

This can be simplified further as the increasing intersections of the open sets is exactly the
simplices of increasing dimension:

0~ 11 F(GEC))) - 11 FOEEC)) - 1 FOEEC)) -

Co iy [
We can further refine this using Proposition [5.12.58
Y-constructible sheaves — Functors on X

This lets us think of F just as a functor from ¥ to Ab. The resolution then becomes:

0- MMFC)-MFC)-MFC)-::

o [y [P

Again we still need to define the differential map, however, it is analogous to the Cech coho-
mology differential. We are finally ready to define simplicial sheaf cohomology.

Definition 5.13.65.

n/s. ker d
H'"(GF) B n I%ldn_l.
Theorem 5.13.66.

H"(Z;F) [BR"T(X;F)

This sequence of simplifications is dependent on the initial triangulation being constructible
with respect to F, which is the most difficult step in the process.

Examples of simplicial sheaf cohomology

1. What is the simplicial sheaf cohomology of the projection map:

We begin by fixing a triangulation of X.

F()@Aforall [X,F( - )=idforall ( - )#(v3 - e3), and instead

F(Vg - 93)DZ [Z1- Z [Z]
(n;m) L[(oh;n)
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