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1 Introduction

Lecture 1: Introduction and Penrose triangle

In these notes we will discuss category theory, sheaf theory, homological algebra, and sheaf
cohomology, all with an emphasis on applications and building intuition from examples.

In this lecture we will give several brief examples, meant to provide some visual (and non-
technical non-jargon filled) intuition for what this course is about (sheaves and sheaf cohomol-
ogy), before we dive into category theory in Lecture 2.

What are sheaves? Sheaves are mathematical objects which are used to study continuous
maps between topological spaces, f:Y — X. We can view these sheaves as data structures on
X which systematically record information about the topological structure of fibers f~*(x) for
each point z € X.

Why are sheaves useful in mathematics? Firstly, sheaf theory gives a very general
framework which encompasses many classical techniques in topology and geometry. For example
(perhaps a somewhat trivial example), we can study the (co)homology of a topological space
X through understanding the fiber of the map p : X — {x}. As a slight generalization of
this example, we can consider a sheaf which captures the (co)homology of fibers of a Morse
function f: M — R. This example leads quite naturally to the study of persistent homology,
which has seen numerous applications and developments in recent years. Secondly, it is our
opinion that sheaf theory has been useful in mathematics in part because it formalizes an
incredibly intuitive approach to scientific understanding, namely, the process of understanding
global structures through local inquiry.

On a more technical level, sheaves are useful because they allow us to study topology using
algebra. By algebra, we are usually referring to the theory of modules, rings, or groups:

Definition 1.0.1. An abelian group is a pair (G, +) such that
1. G is a set
2. +:G x G - @G is a map which is

(a) associative, (a+b)+c=a+(b+c)

(b) commutative, a+b=b+a

3. G has an identity (idg € G such that a+idg = a for all a € G) and inverses (for each a € G,
there exists —a € G such that —a +a =idg).

Example 1.0.2. 1. (Z,+), integers with addition
2. (Z]2Z,+), the set {0,1} with 1+1=0
3. (U(1) ={e”}, %)
4. Nonexample: (Z,x)
Let X be a topological space.

Definition 1.0.3. A sheaf on X is a pair (Y, f) such that
1. Y is a topological space (not necessarily Hausdorff)
2. f:Y - X is a local homeomorphism onto X

3. each fiber f~!(z), z € X, is endowed with the structure of an abelian group



4. the group operations

a+: [ (x) > fH(2)

b—a+b

for each a € f~'(z), and
- @) > (@)
b~ -b
are continuous maps

Example 1.0.4. Orientation sheaf on S*, wg1 = (Y, f):

f:Sl><Z/QZ—>S1
(0,n) 0

Definition 1.0.5. A section of f:Y — X over U c X is a continuous map s: U — Y such that
fos=idy.

Exercise 1.0.6. How many sections does wg: have over S'?

One of the primary tools used in sheaf theory is sheaf cohomology. This cohomology gener-
alizes several classical cohomology theories such as de Rham cohomology and Cech cohomology.
Speaking very generally, sheaf cohomology is an invariant which quantifies obstructions to ex-
tending local sections of a given sheaf to global sections of the sheaf.

Example 1.0.7. In this example we will consider the Penrose triangle as a visualization of
sheaf cohomology, following [Pen92].
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We will solve three separate problems related to the above figure.

Exercise 1.0.8. Show that the Penrose triangle is an impossible figure.

Solution: We begin by measuring the distance from the observer to three points on the
figure illustrated below.



Let a,b,c denote the distance from the observer to the corresponding marked points on the
figure above. The illustration suggests the following inequalities:

a<b
b<c

c<a.

The figure is an impossible shape because there are no solutions to the above system of inequal-
ities.

Exercise 1.0.9. Give an explicit evample of a degree 1 cohomology class of S* (over R).

Solution: We can use a simplicial structure on S! to give a concrete description of coho-
mology classes. Let

U3

U1

be a triangulation of S!, consisting of three 0-cells and three 1-cells. Then the cochain complex
is given by

R3 2 R3
(z,y,2) » (x -y, y— 2,2 — 2).

A representative of degree 1 cohomology is given by a triple (A, B,C) such that A,B < 0
and C' > 0. Let (a,b,c) denote the triple from Exercise m Then (a - b,b-c,a-c) is a
representative of a degree 1 cohomology class of S*.

Exercise 1.0.10. Let wgi(R) = (Y, f) be the sheaf
y=5'xRL S,

where R has the discrete topology. Let {Uy,Usy,Us} denote a cover of S* by connected, simply
connected open sets with Uy nUs nUs = @. Let s; be a section of wgi1(R) over U;.

1. When is there a section s of wg1 (R) over St which restricts to s; for each i?

2. Suppose s; ; is a section of wgi (R) over U;nUj, for i< j. Are there sections s; of wg:(R)
over U; for each i such that s; j = s;—5;¢



Solution: A section s; over U; is a constant function
S; ¢ Ui —> R,

i.e. s; € R. There is a section s of wgi (R) over S which restricts to s; for each i if and only if
51 = 89 = 83, i.e. (s1,80,53) € HO(S',R).

To answer the second question, we notice that if 512 <0, 523 <0, and 51,3 > 0, then there
is no combination of sections si, sa, s3 such that the required inequalities are satisfied. In
other words, if s19 <0, s2.3 <0, and s1,3 >0, then the triple (s1,2,52.3,51,3) is a representative
element of degree 1 sheaf cohomology of the sheaf wgi (R).

One can notice that the impossibility of the Penrose triangle is closely related to cohomology
classes of the circle, which is in turn closely related to questions about sections of wgi (R), which
is closely related to the (yet to be defined) sheaf cohomology of wg: (R). This example is meant
to provide some visual intuition for what sheaf cohomology measures (although we will not
define sheaf cohomology for some time).

We now take a turn toward category theory in order to provide a useful framework for which
to introduce and study sheaf theory and sheaf cohomology.

2 Category theory

Lecture 2: Categories and functors
References. |[Curld Chapter 1], [Mac98, Chapter 1]
Motivation. Category theory is a useful language to describe sheaves. In mathematics, we

often work with objects that have some “nice” structure-preserving maps between them. For
example

e topological spaces with continuous maps,
e groups with homomorphisms,
e vector spaces with linear maps.

Category theory studies interactions between the objects of a given “branch of mathematics”
just in the language of those maps, without taking into account the structure of the objects
themselves. What do all those situations have in common? We have, for instance, a notion of
being “essentially the same” for two objects in each of the described examples — a homeomor-
phism for topological spaces, an isomorphism for groups, etc. What other similarities can we
find? What are the differences between the interactions of different types of objects?

2.2.1 Category definition.

We can study many areas of mathematics at the same time by studying classes of objects,
and arrows between them. A category is essentially a directed multigraph with an additional
structure of composition for the arrows. But the formal definitions get a bit technical, as the
theory aims to deal with very general situations.

Definition 2.2.1 (Category). A category C is
(1) a classﬂ of objects O,
(2) a class of arrows (or morphisms) A,

(3) functions dom, codom, id, o:

1We can imagine ‘set’ here. The problem is, that we want to work with categories where the objects are, e.g.,
all sets — which is itself not a set, but a proper class (see, e.g., Russell’s paradox or Cantor’s paradox). In this
course, we will assume to have a set of allowable sets, a universe which we work with. More general treatment
of this problem is a question of set theory and foundations of mathematics. For more comments on this topic,
see [Mac98| Ch. 1 §6] or [AHS09), §2].



e dom: A4 - O, (says where an arrow is going fromE[)
e codom: A — O, (says where an arrow is going to)
e id:0— A, (assigns a loop arrow as the identity morphism to an object)
e o Axp A A, (the composition rule for the arrows),

where Axp A={(g,f) e AxA|domg = codom [} is the set of composable arrows,

such that the following axioms hold:

(a) e dom(id(C)) = C = codom(id(C)), (identity arrow of C'is a loop at C:  C' Did(0) )

e dom(go f) =dom f, codom(go f) = codomg, ( A-tlsp_2y¢ )
gof

for each object C and pair (g, f) € A xp A,

(b) e (hog)ef=ho(gof) (associativity)
o foid(A)=f, id(B)of=f (identity)
for (f,9),(g,h) e Axp A, dom f = A, codom f = B.
At B A id A A
That is, these diagrams commute: lgo f lhog JN '/f Jf/ ; \f
Cc_"yp B B— B

Some useful notation we will use:
e Ob(C) =0, Mor(C) = A,
e Hom¢ (A, B) ={f eMor(C)|dom f = A,codom f = B}E| (or Hom(A, B) if C is clear)

e idy =1d(A) or just id =id(A) if A is clear from the context.

Examples of categories.
1) Category with just one object and one morphism: e D>id

2) Let (P, <) be a partially ordered set. We can take a category P such that ObP = P, and
Homp(a,b) consists of a single arrow if a < b, and is empty otherwise. The composition rule
is clear, as we can always only choose the one arrow between the domain and codomain of
the composition.

d
b ¢
a
We see one simple discrete example in the figure above. Another useful example is to view

the real numbers as a poset category — objects are R, and we have one morphism = — y if
z <y, and no morphisms otherwise.

e
~r '« c
N P

Q—r

U\ U

3) Set is the category of sets.
Ob(Set) are (allowable) sets

2Compare to a definition of a quiver. When we have possibly multiple arrows going from one vertex to
another, we can not have the set of edges defined just as pairs of vertices as for classical (di)graphs. We could
not tell two edges with the same source and target apart. One way around this is to define the quiver as a
quadruple — set of vertices, (abstract) set of arrows, and two mappings from arrows to vertices defining the
source and the target of each arrow.

3In literature, the notation C(A, B) is also often used for the collection of all morphisms in category C from
object A to object B.



Mor(Set) are maps between (allowable) sets
4) Ab is the category of abelian groups.
Ob(Ab) are abelian groups

Mor(Ab) are group homomorphisms
5) Vecty, is the category of vector spaces over a fixed field k.

Ob(Vecty,) are vector spaces

Mor(Vecty) are linear maps

We often omit the field &k from the notation, and write just Vect. This still denotes category
of vector spaces over some fixed field k.

6) Top is the category of sets.

Ob(Top) are topological spaces

Mor(Top) are continuous maps

7) Suppose that (X,7) is a topological space. We can define an associated open set category,
C = Open(X, ), where

Ob(C) = 7 are the open sets,

Mor(C) are inclusion maps, i.e., there is a single arrow U — Viff U c V.

In other words, if we look at the poset (7,<), the open set category is a realisation of this
poset as a category, as in example .

The terminology of categories is set up so that we naturally interpret objects as sets (possibly
with some structure), and morphisms as maps (preserving the structure). However, as examples
and [2)) show, this is not necessarily the case.

Terminology. We say a category C is
e large if Ob(C), Mor(C') are proper classes, i.e. not sets,
e small if Ob(C), Mor(C) are sets,

e locally small (sometimes ‘has small Hom-sets’) if Home (A, B) is a set for each A, B €
Ob(C), even if Ob(C) is a proper class itself.

In the examples above, @ are all large, but locally small; and are small.

2.2.2 Functors: maps between categories, ‘metamorphisms’

A functor is a pair of maps — one for objects, one for morphisms — such that the image of

an arrow A i) Bgoes between the images of the objects A, B, and the map on the arrows is
basically a ‘homomorphism’ with respect to the composition.

Definition 2.2.2 (Functor). Suppose that B and C are categories. A functor T : B - C is a
pair (To,T4), where

To : Ob(B) — Ob(C) and
T4 : Mor(B) — Mor(C)

are maps which satisfy
e T4(id(B)) =id(To(B)), (identity goes to identity)

and one of the following two possibilities. Either

o dom(T4(f)) =To(dom(f)), ( ALp L To(A) Ta} T@(B))



o codom(T4(f)) = To(codom(f))ﬁ

o Tu(gof)=Ta(g)oTalf), ( To(A) Tal} To(B) Talo} To(C) commutes )

S muen

in which case we call it covariant functor, or

o dom(Tu(f)) = To(codom(/)), (AAB L To(4) MTO<B>)

e codom(TA(f)) = To(dom(f)),

o Ta(go f) =Ta(f) o Talg), ( To(4) & To(B) &2 T5(C) commutes )
Ta(gof)

in which case we call it contmvarianiﬁ functor.

Examples of functors.
1) The power set of a set S is £(S) = {R < S}. We can define a functor
P:Set — Set
S 5% 0(S)
F 2 (B f(R)).
2) The forgetful functor sending a set with a structure to just the set without any additional

structure. For example For : Ab — Set sending a group (G, +) to G, and a homomorphism
f between two groups to the same map f between the underlying sets.

3) Homology of a given fixed dimension is a covariant functor

H, : Top — Ab

x Ly w00 m, ),

where H,(X) is the n-th singular homology of X with some fixed coefficients, and H,, f is
the homomorphism induced by f.

4) Cohomology of a given fixed dimension is a contravariant functor
H" : Top — Ab
x Ly )T gy,

where H™(X) is the n-th singular cohomology of X with some fixed coefficients, and H" f
is the homomorphism induced by f.

5) Thinking about homology and cohomology, we might also think of the fundamental group.
There is a slight technicality to discuss. For the definition of fundamental group, we need a
topological space together with a fixed point. Therefore, we need to first define a category
of pointed topological spaces pTop. The objects are topological spaces with a base-point,

4We state the conditions on domain and codomain explicitly for clarity of the definition, but they are already
consequences of preserving the identity and preserving the composition. For example for the first one, we have
Ta(f) = Ta(f oiddomys) = TA(f) o Ta(iddomy) = TA(f) 0 idr, (domf), SO in order for those to be composable,
we need to have dom(74(f)) = codom(idr, (domy)) = To (dom(f)).

51f we say ‘functor’, we will assume covariance. For more details on covariant vs contravariant, see [Mac98|
Ch. 2 §6]



and the morphisms are only those continuous maps that send the base-point of one space to
the base point of the other space. Then we can define a covariant functor
w1 : pTop — Grp
(X, z0) — m1 (X, 70)
f
(X, 20) > (Yyy0) — m1 (X, 20) ™ 71 (Y, o),

where Grp is the category of groups (not necessarily abelian).
For a category C, we can define the opposite category C°P by flipping all the arrows:

e Ob(C°P) = Ob(C),

o z -y e Mor(CP) iff x < y e Mor(C), that is, Homcer (z,y) = Home (y, x),

e fo°P g:=go f where o°P is the composition in C°P, and o is the composition in C.
Assume that F' : B - C is a contravariant functor. Then F' defines a covariant functor
F:B° - C (or also F': B - CP).

The duality in vector spaces is a contravariant functor. For Vect, the category of vector
spaces over a fixed field k, it is defined as follows:
D : Vect — Vect

V +— V* = {linear functions from V to k}
VI W Vv & W, given by v (f) = foy

Important examples of functors are the Hom-functors. Let C be a category, and X be an
object C. We define a covariant functor
Hom(X,-):C — Set
V +— Hom(X,V)

viw.— Hom(X,V) EAN Hom (X, W), given by f.(p) = fop,
and a contravariant functor

Hom(-, X) :C — Set
V +— Hom(V, X)

V LW — Hom(V, X) £ Hom(W, X), given by f*(¢) = o f.

If a functor F' from C to Set can be ‘expressed’ as a Hom-functor, it is called representable
(discussed more in Lecture 3, Yoneda lemma).

Note that the example [7)) is a special case of contravariant hom-functor, Homvect (-, k),
where k is the (arithmetic) one-dimensional vector space.

Representations of quivers can be viewed as functors. For a quiver ), we can consider Q
a category ’generated’ by Q. The objects are vertices of @, and the morphisms Hom (u,v)
are all paths between u and v in @ — including the empty path for Hom(w,u), which is the
identity of u. The composition is the composition of paths.

A representation of @ is a functor to the category of vector spaces, assigning a vector space
to each vertex, and a linear mapping to each arrow. For example, if
Q= o > e > ® > >

a representation of Q is

R:Q — Vect
vi—V;
Vg = Vi1 > M Vi > Vi,
which can be, for example, a persistence module of a simplicial complex with an ordering.

Note that the way we set Q up, we can assign an arbitrary linear map to each arrow of Q
independently.



Lecture 3: Natural transformation, equivalence, adjoint pairs
References. [Mac98, Ch. 2 §4, Ch. 3, Ch. 4 §1] |[Curl4, Ch. 2 §4, Ch. 3, Ch. 4 §1]

Natural transformations: morphisms between functors, ‘metametamorphisms’

It is useful to have a way to compare functors to each other. We can see natural transformations
between functors as an analogy to homotopy between continuous maps. Having defined functors,
we might think about some notion of equivalence of categories. It is not difficult to see that
functors can be composed, and we can also define an identity functor, where both maps act
identically. Therefore, we could consider two functors going in opposite directions between two
categories, such that their composition is the identity functor. However, we can immediately
see that his notion of equivalence is problematic in several ways. First, it is a bit fishy to talk
about invertible maps between something that can be a class; second, we should not really care
if we throw away some (or all) “isomorphic copies” of an object from a category, which would
cause problems for this notion. A solution to this is very similar to what we do in topology.
The notion of homeomorphism can be too strict to capture the kind of “sameness” we are
looking for, and so we introduce the notion of homotopy — a “map between maps”. And with
homotopy at hand, we can define a notion of equivalence for the spaces too. We do not need
the composition of continuous maps between the spaces to be equal to identity, it is enough for
it to be homotopic to the identity.

Definition 2.3.3 (Natural transformation). Let F,G : C — D be two (covariant) functors. A
natural transformation T from F to G is a collection of morphisms F(A)T&))G(A) in Mor(D),

one for each object A € Ob(C), such that for every A L Bin Mor(C), the following diagram com-

F(4) Z4 qa)
mutes: F(f)l lG(f) ’
F(B) =2 c(B)
Le., 7(B) o F(f) = G(f)o7(A).
Example of a natural transformation.
Let R,S : @ - Vect be two representations of a quiver Q: v] — v — v3. A

natural transformation 7: R — S is a collection of maps between the functors’ images such that
the following diagram commutes:

7(v1),

}%(Ul) Em— S(Ul)

|

R(vs) 2% S(uy) -

|

R(Us) ﬂ 5(03)

Definition 2.3.4. For any locally small category C, each object ¢ € C defines a functor
Home(c¢,—) : C — Set. Functors of this form are called representable functors.

Definition 2.3.5. Let Fun(C, Set) be the category of functors defined by:

Ob(Fun(C, Set)) := {functors F : C — Set}

Mor(Fun(C, Set)) = {natural transformations of the functors}.

This also works for general categories C,D. Now we may wish to relate functors to those
which are representable.

10



Lemma 2.3.6 (Yoneda Lemma). LetC be a locally small category and each F' € Ob(Fun(C, Set)),
there is a (natural) bijectionlﬂ

HomFun(C,Set)(HomC(Cv _)7 F) = F(C)

Remark. Natural bijection here means the squares induced by morphisms ¢ ER ¢ in C commute.

Corollary 2.3.7. Let c,c be elements in a locally small category C. Then we have the following
natural bijection.

HomFun(C,Set) (HOmc(Q _)7 HomC(Cl7 _)) = HOmc(C,7 C)
Therefore we can think of C as being embedded in Fun(C, Set). This corollary, in a sense,
suggests all objects are determined by their relations to other objects.
Example

1. Let C = Open(X) be a category of open sets with inclusion forming the morphisms. This
corollary implies we lose no information about the topology of C' by simply considering
the functors on the topology.

2. Consider Z as a category. We can determine a secret object x by playing a game which
asks questions of the form “Is there a morphism x — 107”. If the answer is “yes” then
we know x < 10. After asking sufficiently many questions we can determine z, illustrating
how objects are determined by morphisms.

Proposition 2.3.8. Suppose S:B - C and T :C - D are functors. Then

(ToS)(B) = T(S(b)) forbeOb(B)
(ToS)b-b) = T(SWL-V)) forb—1b e Mor(B)

defines a functor from B to D.

Proof. First check (T'0.S)(idp) = id(7es)(B)-

T(S(idg)) T(idg(B))

idrs(my)

= id(1es)(B)

Now check the composition rule. Let f:a—band g:b— c,

(T'oS)(go f) = T(S(g9)°S(f))
= T(S(9))oT(S(f))
= (ToS)(g)o(T8)(f)
So we conclude T o S': B — D is a functor. O

Definition 2.3.9.

e feMor(C) is called an isomorphism if there exists g € Mor(C) such that fog=id(domg)
and go f =id(dom f).

e Two objects a,b e Ob(C) are called isomorphic if there exists an isomorphism f:a — b.

e Two categories B,C are isomorphic if there exists functors F,G : B — C, such that F o
G =1de and G o F = Idg. This definition of isomorphism is too rigid to be useful in
distinguishing categories. For this we introduce the following notion.

e A natural transformation 7 : F' - G that is also an isomorphism (i.e. it has an inverse
natural transformation) in the category Fun(B,C) is called a natural isomorphism.

6Note that some sources instead use the notation Hom(B,C) for the category of functors between two cate-
gories.

11



Definition 2.3.10. Let B,C be two locally small categories and let F': B — C be a functor. If
for all objects a,b € B the map Hompg(a,b) LR Home (Fa, Fb)

e is injective F' is called full;
e is surjective F' is called faithful;

e is bijective F' is called fully faithful.

Example Let C be a locally small category. The functor

H :C - Fun(C, Set)
¢~ Home (e, -),

is fully faithful by Corollary [2.377] This demonstrates in what sense objects are determined, up
to isomorphism, by the morphisms incident to them.

Definition 2.3.11 (Equivalence of Categories, two versions). Let B,C be categories and let
F:B - C be a functor.

1. We say that B and C are equivalent categories if there also exists a functor G : C — B, and
two natural isomorphisms o : Id¢ - F oG and 7: Go F' — Idg; that is, F oG is isomorphic
to Ide in the category Fun(C,C), and Go F' is isomorphic to Idg in the category Fun(B, B).

2. We say that F'is an equivalence of categories if F' is fully faithful and F' is surjective onto
the set of isomorphism classes of objects; that is, for each object ¢ € Ob(C) there exists

b e Ob(B) and an isomorphism Fb = c.

Exercise 2.3.12. Show that the two versions of the definition above are equivalent.

Example Let B,C be the following two categories

There are four possible functors B 5 C corresponding to the four objects in C and a single

G . . . .
functor C — B. Take the functor F' mapping B to the first object in C. The horizontal
morphisms and their inverses give natural isomorphisms between the functors F o G and Idg,
together with F'o G = Idp this implies that the categories are equivalent.

)

2.3.1 Adjoint Pairs

An overarching goal in the study of category theory is translating calculations from difficult
categories to simple ones. We will introduce two equivalent definitions of this notion (note the
equivalence is non-obvious).

Definition 2.3.13 (1). Let B,C be categories and F' : B - C, G : C - B be functors between
them. We say, (F,G) form an adjoint pair, or equivalently F is a left adjoint of G, or G is right
adjoint of F, if there exist natural transformations o : Id¢ - F oG and 7: G o F — Idg such
that the following diagrams commute:

IdCOFmFOGOF GOIdCMGOFOG
m lidpor h J/‘roidc
Foldg, Idgo G

(See additional notes on Functor compositions)
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Definition 2.3.14 (2). Let B,C be categories and F': B - C, G : C — B be functors between
them. (F,G) form an adjoint pair if there exist bijections ¢y . : Home (F'b,c) — Hompg(b, Ge)
for each pair b € Ob(B),c € Ob(C), such that for all f:b— " € Mor(B) and g: ¢ — ¢’ € Mor(C)
the following diagrams commute,

¢p,c : Home (Fb, ) —— Homp (b, Ge)

J’gof J{G(g)o—

®p,r : Home (Fb,¢’) —— Homp(b, Gc'),

®p,c : Home (Fb, ¢) ——— Homp (b, Ge)

T—oF(f) Tﬂf

¢ : Home (F', ¢) —— Homp(V', Ge).

Example The discrete topology functor and the forgetful functor form an adjoint pair (D, For).

For : Top —»Set
D :Set -~Top
X (X, discrete topology)

Consider X € Ob(Set) and Y € Ob(Top).
Hommop(DPX,Y) ~ Homget (X, ForY).

Alternatively we could use the map sending the set X to the topological space X with the
trivial topology.

For : Top »Set
£ : Set -~ Top
X ~(X, trivial topology)

Consider X € Ob(Set) and Y € Ob(Top).
Homrop(€X,Y) ~ Homget (X, ForY).
Similarly we can form an adjoint pair between Vect and Set with the functors:

For : Vect — Set
F : Set — Vect
B~ FB,

where F B is the real vector space with basis B. Consider B € Ob(Set) and V € Ob(Vect).

Homvyect (FB,V) ~ Homget (B, ForV).
So following definition (2), in all instances, (D, For), (€, For), (F,For) form adjoint pairs.

Lecture 4 & 5: Coproducts, Colimits, Products and Limits
2.4.1 Coproducts
Motivating Example

Let X be a topological space. The set of open sets in X is a poset, with U <V if and only if
U c V. We denote by C = Open(X) the associated category and we note that C = Open(X)
has extra structure. Namely, if U,V € Ob(Open(X)), then U uV € Ob(Open(X)).

Question Do other categories have a similar structure?

13



Observations
1. U-UuV,
2. V->UuUV,
3 HUCW and VW, then UuV cW.
In other words,
1.3U0-UuV,
2.3V-UuUV,
3. If3UcWand 3V cW, then 3 U uV €W such that

<U

U uV <+—V
I

>

W
commutes.
Exercise Let C = Vect. Let V,W € Ob(Vect). Find X € Ob(Vect) such that
1. 3V-X,

2.3W - X,
3. If3Y->Y and 3 W - Y, then 3! X - Y such that

V — X +—W

N

commutes.

Solution Take X =V xW = {(v,w) : v e V,w ¢ W}. In particular, the map V — X sends v
to (v,0), the map W - X sends w to (0,w) and if ¢, : V > Y, ¢, : W - Y, then the map
X =V xW =Y sends (v,w) to ¢,(v) + ¢y (w).

Definition 2.4.15 (Coproduct). A coproduct of a,b e Ob(C) is
1. an object aLb e Ob(C),

2. maps ¢ > aub, b > aub such that if a > ¢ € Mor(C) and b - ¢ € Mor(C), then
Flaud - ¢ € Mor(C) such that

a > al
|
el
<
c

comimutes.

Remark. Coproducts may not exist.

Exercise If aUb exists, then it is unique (up to isomorphism).
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Coproducts over families

Motivation If {U;};cr € Ob(Open(X)), then U U; € Ob(Open(X)).
iel

Definition 2.4.16 (Coproduct over a family of objects). If {¢; }ier € Ob(C), then the coproduct
L] e is
iel

1. an object in C,

2. maps ¢; — | ¢; for each j € I such that if there is an object ¢’ and maps ¢; — ¢’ for each
iel
j €I then 3! map || ¢; — ¢ such that
iel

I_ICZ'(;C]'

*

iel
I
el *
<~

Cl

commutes for all j e I.
Remark. The maps denoted by * depend on j, while the vertical map is independent of j.
Example 2.4.17. 1. If {U;}ie; € Ob(Open(X)), then || U; = U U; € Ob(Open(X)).
iel iel

2. Let I =N, V; = k € Ob(Vect). Take Z = k € Ob(Vect) and ¢, : V; — Z is the identity
map. Then | V; = @V := {(v1,vs,--) 1 v; = 0 for all but finitely many i € I'}.

iel iel

Remark. One could have first guessed that H Vi == {(v1,v2,--) : v; € V;} is the coproduct in

the above. However, this is not the case as the vertlcal dashed map below

v« V;

iel
|
i id
-

Z

given by mapping (v1,vs2,++) to ¥ v; may not converge.
i€l

Corollary 2.4.18. [V, =@V, if I is finite.

iel iel

2.4.2 Colimits

One way to pick out specific objects in a category C, is to use what is called an indezing
category. For example, let I be the following discrete category:

and let F': I - C be a functor, which picks an object ¢ in the category I and sends it to the
object ¢; in the category C. Then | ¢; = | F(i). But what if I had more arrows?

iel iel

Example 2.4.19. Let I be the discrete category generated by the following diagram (in par-
ticular, all compositions of arrows should also be arrows in I):

C)CIC)

1—2—3

Let F: I - Open(X). Then || F (i) =UF(i) = F(3), because F(1) € F'(2) < F(3).
T 1
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Definition 2.4.20 (Colimit of a functor). Let I be a locally small category and F' : I - C be
a functor. The colimit of F', denoted li_rr>1F7 is

1. an object h_I)IlF eC,
2. maps F(i) - lim I for each i € Ob([I) such that:
e If i > j e Mor([), then

F(i) ——— F())

|

lim F
—
commutes.

o If F(i) > ¢ € Mor(C) for each i € I then there exists a unique map lim F' - ¢ such

that:
F(i)
gwen gwen
» 1 F
:3'

-~
c

commutes whenever i — j € Mor([).

Example 2.4.21. Let I be the following category.

) C) )

I: e —e — e
and let F': I > Open(X). Then lim F' = F(3).

Example 2.4.22. Let I be the category of negative integers with a morphisms from a to b if
a is smaller than b. Let F': I - Vect be a functor. Then lim F' = F/(-1).

Example 2.4.23. Let I = N viewed as a poset category and let F': I — Vect be a functor:

P12

F(I)=W > Vo 22 v >

Then lim F = ® Vi /.., where (0,---,v,0,--) € @V is equivalent to (0,---,w,0,---) € @V; if there
- I S—— S——
j k
exists [ € I such that

Gi-1,1 00 Pjs1,j+2 © 0 j+1(V) = Pr-1,1 0+ 0 P a1 (W).

More concretely, let
R if ¢ is even
" |ReR ifiis odd

where z € R is mapped to (2,0) e R@ R and (z,y) € R@® R is mapped to (z,0) € R. Note
that @V; is infinite dimensional, however lim F* = R. This is because (z,y) ~ (x,2) as they
eventually both map to x € R.

Example 2.4.24. Let I be the following category.
c
a——b
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Let F': I - Vect. Then lim F' = F(b).
—

Example 2.4.25. Let I be the following category:

;o) =
" |Mor(I)=7Z withaob=a+b

Let F': I - Vect be a functor defined on the object by F(e) =V and on the morphisms by
F(0)=id:V >V, F(1)=M:V - V. Clearly, F(n) consists on composing M n-times.
Question What is li_r)nF?
Answer Consider the following diagram

1% M Vv
x y
lim F
f¢v —>

I
A
w

Chasing the arrows we get the following relationship ¢ o M = ¢, which implies that ¢(Mv) -
@¢(v) =0 and finally that ¢(Mv —v) = 0. Similarly, we get that ¢ (Mv —v) =0. Let V,, ={w €
W :w = Mv-wv for some v € V}. Suppose W = V/Vn7 with ¢ : V - V/Vn the quotient map.
Consider the following subdiagram of the previous diagram:

Note that since the restriction of ¢ from V to V, is zero (i.e. ¢(V},) =0), the map ¢ must factor
through V' / V,, - By commutativity of the diagram and the surjectivity of v, there exist a map

@ V/Vn - lim ", such that Ao ¢'(w) = w, which implies that the lim = V/Vn- In different
words, h_r)nF is the set of M-coinvariants of V' and ¢ is the quotient map.

Example 2.4.26. Let I be the following category.
[ ] [ ]
°
Let F': I - Open(X) be a functor. By applying the functor F, the diagram becomes
U v
W

As usual, let’s consider the limit diagram in the specific setting

w > U
lim F°
Z



Note that U ¢ hmF and if U € Z, then U ¢ hmF ¢ Z. The same reasoning applies for V.
This implies that | hmF UuV,asU—-UuUV, "V >UuVandif U > Z and V - Z then the
following diagram ‘commutes.

U < w >V
NG
ULIJV

Exercise 2.4.27. Let I be the following category.
° ° ° °

Let F : I — Vect be a functor with F(i) =V, for all i. Show that both the coproduct and the
colimit of F are isomorphic to @ V.

Example 2.4.28. Let I be the following category:

_|ob(I) =
" |Mor(I)=Z withaob=a+b

Let F': I - Vect be a functor defined on the object by F'(e) =V and on the morphisms by
F(0)=id:V -V, F(1)=M:V > V. What is lim 7

As per usual, li_I)nF is an object in Vect, such that the following diagram commutes for all
n € Z.

1% Fn) Vv
N %
lim F

—

If there exists Z € Ob(Vect), with V' — Z, then the consider the following diagram.

v » U
X %
li_r)nF
Z

By chasing the arrows in the outermost triangle, we get ¥(v) = ¥(nv) for all n € Z, which
implies that 1 (v) = ¢»(w) whenever there exist n € Z such that M"v = w

Let’s define an equivalence relation v ~ w, if there exist n € Z such that M™v = w and a map
' : V[~ > Z such that the following diagram commutes.

="

Guess: limF'=V/~

Consider the following diagram.
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\% >V
X y
lim F’

q —> q
|
A
V/~

By the same argument as above, there exists a ¢’ such that ¢’ = A7', which implies that
lim F* = V/~. Lastly, suppose V;, ={w € V : w = MV —v for some v € V} = im (M - id .
Suppose v ~ w. Then

v+ (Mv-v) + (M*v - Mv) + -+ (M" = M" 1 0) = M™v = w,

which implies that w € v +V,,. Hence V[~ ~ V/Vn, the set of orbits of Z on V.

2.5.1 Products

Motivating example

Let U,V € Ob(Open(X)) and let UnV € Ob(Open(X)). If W ¢ U and W ¢ V| then
W cUnV. The diagrammatic version of the previous statement is the following

w
I
U UnV \%4

given given

Question What is an analogous structure in other categories?

Example 2.5.29. Let X,Y € Ob(Vect(X)). If W € Ob(Vect(X)) maps into X and Y, then

w
(78 } Oy
X 4 X x > Y
proj. proj.
where W -> X xY is given by mapping w e W to (6(w),8,(w)) e X xY.
Definition 2.5.30 (Direct product). The direct product of a,b e Ob(C), denoted a[1b, is

1. an object a[1b e Ob(C),
2. maps a < allb, b < a[1b such that if a « ¢ € Mor(C) and b « ¢ € Mor(C), then

Jle <« allb e Mor(C) such that
/H \

a <

@ .
J-ro
k=

N

(=

commutes.
Direct product over families
Motivation Let {U;}icr € Ob(Open(X)). If W e {U;} for each i € I, then W e N U;. In

i€l
other words, the following diagram

w

I
[nuv,; — Uj
iel
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commutes. Note that if || = oo, then N U; might not be open. Hence, infinite direct products
iel
might not exist in Open(X).
Definition 2.5.31 (Direct product over a family of objects). Let {c¢;}ier € Ob(C). The direct
product [] ¢; of {c;} is
i€l
1. an object in C,

2. maps [] ¢; — ¢; for each j € I such that if there is an object ¢’ and maps ¢’ — ¢; for each
iel

j €I then 3! map ¢’ — [] ¢; such that
iel
C/
1 if
z
z'Ie—[I i given G

commutes for all j € 1.

Example 2.5.32. Let {V;};en € Ob(Vect(X)). Suppose V; = R and consider the following
diagram.

w

| .
)\x
-

1;![‘/;0—1>Vj

Note that 6; must be surjective. One way to see it, is to pick W = V; and %; to be the identity
map. This implies that for any arbitrary set {v; € V; : j € I}, there exist a single element
w € prodV; such that 0;(w) = vj, for all j € J.

Guess: [1V; = {(v1,v2,v3,) :v; € V;} = W. We consider the following diagram

w

PG
nvi ———3
N J

where the map ¢, maps (vi,vs,v3,-+) to v;. Now define the map v : [[V; - W by v(x) =
(01(x),02(x),--+). This implies that v = A™! and therefore prodV; = {(vi,vs,vs, ).

Corollary 2.5.33. If | I |< oo, then UiV, =[1; V; for {V;} € Ob(Vect(X)).

Note that this is not true for Ob(Open(X)).
Here I is used to index objects in C. The pair ({¢;},]) can be thought of as a discrete

with a functor F': I - C, mapping i to C;. Question: What happens when I has more arrows?

Example 2.5.34. Take [ to be the following category

) C) )

I= *e——>e0e—— @

and let F': I —» Open(X). Note that N; F'(z) = F(1) because F(1) € F(2) € F(3).
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2.5.2 Limits

Definition 2.5.35 (Limit of a functor). Let I be a small category. The limit of a functor
F:I-Cis

1. an object lim F' € C,
«—
2. maps lim I — F(i) for each i € Ob(]) such that:
o If i > j e Mor([), then
F(i) ——— F()
lim F
«—
commutes.

o If ¢ > F(i) € Mor(C) for each i € I then there exists a unique map ¢ — lim F* such
that:

£ (i) > F(j)

Wen giq;e%

commutes whenever i — j € Mor([).

Example 2.5.36.
Let I be the following category.

Q>

Let F': I - Vect. Then lim I = F'(b).
Example 2.5.37. Let I be the following category.

aL>b

To

C

Let F': I > Vect. Then lim F' = {(v,w) e F(a)® F(c): F(f)(v) = F(g)(w) € F(b)}. Visually,
LiilF fills out the commutative diagram

F(a) — F(b)

[ 1

lim /' —— F(c)

Example 2.5.38. Let U,V € Open(X)° and let F : Open(X)° — Set be a functor. Let I
be the following category.

U\UOV/V

Then LLHF = F(U uV) and satisfies the following commutative diagram.
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limF=F(UuV)

F(U) F(V)

/ \
\F(U n V)/

Example 2.5.39. Take I to be the following category

~N

° ’® ’®
and let F': I > Vect(X). Then that lim F" = F(1).

Let I be the category where the objects are the non-positive integers with a morphisms from
a to b if a is smaller than b. Let F' : I - Vect be a functor. The limit of F is linF =

{( vog,v-1,00) € TTF(4) s v; = fivri 00 fjj-1(v;)}. Suppose
o R if 7 is odd
" |ReR ifiiseven
where z € R is mapped to (z,0) e R@R and (z,y) € R@® R is mapped to (z,0) € R. The limit
of F'is R.
Example 2.5.40. Let I be the following category:

I Ob(I)=-e
“|Mor(I)=Z withaob=a+b

Let F': I - Vect be a functor defined on the object by F'(e) = V and on the morphisms by
F(0)=id:V >V, F(1)=M:V - V. What is lim F'?
Observation Let’s consider the usual commutative diagram of a limit in our setting.

1 M > V
x %
lim F’

P ‘—A P
i
z

We have ¢¥(z) = M™(z), which implies that 1(z) belongs to the +1 eigenspace of M.
Guess: lim F' = +1 eigenspace of M, which we will denote by E. Consider the following

diagram.
1% M sV
r& %
lim F
A
I
E

By a similar, note that im(¢) ¢ E, which implies that ¢ = A™*. Therefore,

IlmF={veV: Mv=uv}
= +1 eigenspace of M"
= M invariants of V.

The limit of the functor F' is therefore the set of Z-fixed points. On the other hand, the colimit
of the functor F is the set of Z-orbits, but we will omit the proof here.
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Example 2.5.41. We will conclude this lecture with a slight detour into p-adic numbers. Let
I be the category where Obl = Z.¢ and a - b if b < a. Let p be a prime number, and define the
functor

F:1-Ab
F(i) = Z/p'Z
F(n+1-n)(z)=2 mod p"
We illustrate the image of F' as:

mod p2 mod p

> ZIp°Z Z|p*7Z 7| pZ.

Question: LLnF =7
Solution:

lim F' = {(-+,n3,n2,n1) i n; € Z[p'Z such that if j < k then n; =nj mod p’}
For concreteness, let p = 2. Then
("'7n3an2anl) € @F
if no =n7 mod 2
n3 =ng mod 4

etc

So, (+--,7,3,1) elim F and (---,3,2,1,0) ¢ lim F'. We can visualize elements of lim F' as a tree:
«— pa— <«

. (O/Z/G,"’>

where the highlighted path corresponds to the element (---,6,2,0) in the notation above. We
can also label branches of the tree using infinite strings of 0 and 1:

From this illustration, we can see that @F has a natural metric structure which is related to
the node in which two branches connect. Moreover, one can show that @F has the structure
of a field, which is called the field of 2-adic numbers (or for general primes, p-adic numbers, Q).
Unlike fields like Q and R, the p-adic numbers admit several strange properties. For example,
Q, is compact (think of how to prove this using the tree visualization above), and every point
in an interval is the center of the interval. To see the second claim, imagine highlighting all of
the paths in the tree which are a fixed distance away from (--+,0,0,0) (illustrated below). Do
this again starting with an element which you highlighted (for example (---,0,1,0)).
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3 Homological Algebra

Lecture 6: Abelian category, exact sequence, derived functor

This lecture is about homological algebra, as a motivation for sheaf cohomology. One can think
of homological algebra as the category theory generalization of algebraic topology. Like often
in category theory, we will take a tool that is natural and powerful in one category—in our
case (singular) (co-)homology in the category Open(X) for any topological space X—and we
will express it in terms of category theory only, to be able to generalize it to other categories.
The result is homological algebra. However, the drawback is that the thus defined objects are
not defined constructively but by existence of an object of certain properties. So it is easy to
define, but not easy to compute. For this reason we will later learn about sheaf cohomology,
which is not as general, but by being more specific it will be easier to compute.

References. [KS13, Chapter 1 Section 1-3] and [Rot08| Sections 5.5, 3.1, 3.2, 6.2]

Singular (co-)homology in Open(X)

We first look at singular homology. There we start with the complex
Sp+1 = Sp == 5

consisting of the free abelian groups S, generated by all singular simplices, that is all continuous
maps from the standard n-simplex to X. The free abelian groups are connected by boundary
maps. To specify the coefficient group G, we apply the functor — ®7 G (which replaces the free
abelian groups by a direct sum of copies of G, namely one copy of G per singular simplex):

Sn+1®zG—>Sn®ZG—>--'—>So®ZG

And we get singular homology with coefficients in G by taking kernels mod images of the this
new chain. To summarize, we start with a chain of maps, then we apply a functor, and we get
homology by kernels mod images. (Note that the functor step could have easily been hidden
by building the coefficient group already into the first step.)

In order to get singular cohomology, we follow the same recipe, but just apply a different
functor, namely Hom(-,G). Note, that Hom(-,G) is contravariant and therefore flips the
direction of the complex:

Hom(S,+1,G) <« Hom(S,,,G) < --- <« Hom(Sy, G)

Kernels and Images

In order to define homology as kernels mod images, we need to understand what kernels and
images are in terms of category theory.

In the above setting we compute kernels and images in the category Ab. In this category,
we can define the kernel of a group homomorphism f : H > G as ker f = {he H| f(h) =0},
where 0 is the identity element. To generalize this, we need a category theoretic ‘zero’. This
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motivates the following definition, which can be seen as an enhancement of the definition of a
locally small category, by asking for the morphisms between two objects to form not only a set,
but even a group.

Definition 3.6.1 (Additive Category). An additive category is a category C such that

1. Home(a,b) is an abelian group for each a,b € Ob(C) and composition is bilinear:
(f+f)olg+g)=Ffog+fog+fog +fog.

2. There is a ‘zero object’ 0 € Ob(C) such that Hom¢(0,0) = 0 is the trivial group.

3. Finite products and coproduct{] (i.e. the indexing set is finite) of objects in C exist.
Exercise 3.6.2. If C is an additive category, then a| b~ al7b.
Proof. Plug in the definitions. O

Hence, Open(X) is not additive, because coproducts (unions) and products (intersections)
are different. This can alternatively be seen the following way.

Examples of (not) additive categories.

1) Let P be a (non-trivial) poset. Then the category P (in particular Open(X)) is not additive,
because Homp (a,b) = & for a £ b and the empty set is not an abelian group because it misses
an identity element.

2) The category Set is not additive, because Homget (X, @) = @ for any non-empty set X.

3) Ab is an additive category, because group homorphisms can be added element-wise yielding
the structure of an abelian group. Compositions are bilinear where linearity in the right
component comes from the group homomorphism property and linearity in the left compo-
nent comes from the definition through element-wise addition. The zero-object is the trivial
group. Finite products and finite coproducts are both direct sums.

4) Vect is an additive category as well, for the same reasons as Ab.

5) Let C be any category (not necessarily additive). The category Fun(C,Ab) is additive,
because Hompy, (F, G), the set of natural transformations between two functors F, G, be-
comes a group through element-wise addition: The sum of 7,0 € Hompy, (F,G) is defined
as (t+0)(c) =7(c)+0(c) €e Homap(F(c),G(c)). The rest of the properties can be checked,
making use of the fact that Ab is an additive category.

Next, we define functors that preserve the extra structure of additive categories.

Definition 3.6.3 (Additive Functor). A functor F : B — C between additive categories is
additive iff

Homp(a, b) — Home (F(a), F (b))
is a group homomorphism for each pair a,b € Ob(B).

Assume C is an additive category. With this additional structure, we can define the kernel
of a morphism.

Definition 3.6.4 (Kernel). If a Tbe Mor(C), then the kernel of f, ker f, is (if it exists)
1. an object ker f € Ob(C)
2. a morphism ker f - a € Mor(C)

such that

"Exercise suggests that it is enough to require only one of the two to exist. This is indeed the case in
this setting: Requiring that finite products exist will imply that finite coproducts exist and vice versa.
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a ! b
1 s
ker f

commutes, and if there exists another object ¢ together with a morphism ¢ — a that makes
a ! b
i
c

commute, then this morphism factors through ker f, i.e. 3! ¢ -> ker f such that

i

ker f

o ———.:I:"———>

commutes.

By dualizing, we can define the cokernel:

Definition 3.6.5 (Cokernel). If a 1, b € Mor(C), then the cokernel of f, coker f, is (if it
exists)

1. an object coker f € Ob(C)
2. a morphism coker f < b€ Mor(C)
such that

commutes, and if there exists another object ¢ together with a morphism ¢ « b that makes

« — b
i~ )
c

commute, then this morphism factors through coker f, i.e. 3! ¢ <- coker f such that

a —— b

commutes.

Intuitively, one can think of the cokernel as the part of the target space that is not reached

by the function. In the category Ab (or Vect), the cokernel of a group homomorphism A R B
is coker f = B/imf'
Using the definition of kernel and cokernel, we can define image and coimage. Note that in

the category Ab, the coimage of a group homomorphism A R B is coim f = A, ker f

26



Definition 3.6.6 (Coimage). Let a Tpe Mor(C) be a morphism. If ker f exists, let o denote

the morphism ker f %5 a from the definition of kernel. The coimage of f is coim f := coker «
(if it exists).

Dualizing yields the definition of image:

Definition 3.6.7 (Image). Let a £, b € Mor(C) be a morphism. If coker f exists, let 8 denote
the morphism coker f 2 b from the definition of cokernel. The image of f is im f = ker 8 (if
it exists).

Assuming ker f,coker f,im f,coim f exist, we get the following commuting diagram:

0 0

e iy,

ker f > b » coker f

ST

connf -—-->im f

where the solid arrows come from the definitions of ker f,coker f,im f,coim f. The dashed
diagonal arrow comes from the definition of coim f as coker a. To induce the horizontal dashed
arrow we first need to prove that v := S o (coim f -> b) is 0. By the commutativity of the
diagram, we see that v o (@ - coim f) = 0, yielding the following commutative diagram:

ker f —— % 5 g

\ l

coim f 0
I

I
I
o3 o
I
U
coker f

Using the definition of coim f as coker a,, we see that there must be a unique arrow coim f -»
coker f which makes the diagram commute. Therefore v = 8o (coim f -> b) = 0. Finally, we
obtain the horizontal dashed arrow coim f -» im f from the definition of im f as ker .

Note that in the the category Ab for a group homomorphism A N B, this horizontal
dashed arrow is the isomorphism between coim f = “* /. f and im f from the first isomorphism
theorem. This motivates the following definition.

Definition 3.6.8 (Abelian Category). An additive category C is abelian iff
1. ker f and coker f existﬂ for each f € Mor(C)
2. the canonical morphism coim f -> im f is an ismorphism for each f € Mor(C).

Intuition: “Abelian categories behave like the category of abelian groups.”

Examples of (not) abelian categories.

1) Ab is an abelian category because it is additive (see the d example of (non-)additive
categories), ker f and coker f = B, im f exist, and the first isomorphism theorem yields an

isomorphism between coim f = A, ker f and im f.

2) Vect is an abelian category as well, for the same reasons as Ab.

8and thus also im f and coim f exist as they are defined as kernels and cokernels
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3) Let C be any category (not necessarily additive or abelian). The category Fun(C, Ab) is
abeliarEl, because it is additive (see the h example of (non-)additive categories) and the rest
of the properties can be checked, making use of the fact that Ab is an abelian category. In
particular, for any poset P, Fun(P, Ab) is abelian. This motivates sheaf theory: Open(X)
does not have the necessary structure to use algebra, but Fun(Open(X), Ab) does.

4) So far, all examples that were additive were also abelian. However, there exist also examples
of additive categories that are not abelian, for example Bang, the category of complex
Banach spaces with continuous linear maps. However, in order to see why it is not abelian,
we would need functional analysis.

Exact Sequences

For the rest of this lecture, assume C is abelian. This extra structure allows to study complexes
of objects (like when computing (co-)homology).

Definition 3.6.9 (Exact Pair of Composable Morphisms). A pair of composable morphisms

aLchinCis exact iff
1. gof=0

2. The induced morphism im f -» ker ¢ is an isomorphismm

coker f

where the vertical dashed arrow is induced by the definition of coker f and the fact that
go f =0; and the horizontal dashed arrow is induced by the definition of ker g and the
fact that the composition of g with the morphism of im f is zero.

Definition 3.6.10 (Exact Sequence). A sequence

fi fi+1

LT Ay > Qg1 > A2 T

. . . . . fi fir1 .
in C is ezact iff each pair of composable morphisms a; — a;+1 —> a2 is exact.

Definition 3.6.11 (Left Exact Functor). An additive functor F' : B — C between abelian
categories is left exact iff for each exact sequenc

0—a—b—c
in B, the sequence
0 — F(a) — F(b) — F(c)
is exact in C.

Intuition: “Left exact functors preserve injectivity”

9And it is true for any abelian category D, not just Ab itself, that Fun(C, D) is abelian.

10Tn Vect or Ab these two conditions simplify to one: im f = ker g.

1 Sometimes, in the definition of left exactness a 0 is added at the end of the sequence, i.e. left exact iff
0—>a—b—c—0exact => 0— F(a) »> F(b) » F(c) exact. This definition is however equivalent [?].
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Definition 3.6.12 (Right Exact Functor). An additive functor F' : B - C between abelian
categories is right exact iff for each exact sequence

a—b—c—0
in B, the sequence
F(a) — F(b) — F(c) — 0
is exact in C.

Intuition: “Right exact functors preserve surjectivity”

Definition 3.6.13 (Exact Functor). An additive functor F': B — C between abelian categories
is exact iff it is right exact and left exact, i.e. iﬁiﬂ for each exact sequence

0—a—b—c—0
in B, the sequence
0— F(a) — F(b) — F(c) —0
is exact in C.

From an algebraic perspective, (co-)homology is a way to measure how badly a functor fails
to be exact.

Example 3.6.14. Let C be an abelian category. For each ¢ € Ob(C), the functor
Home(¢,-):C - Ab
is left exact, but not necessarily right exact. For example for C = Ab, the sequence

0—>ZX—2>Z—>Z/QZ—>0

is exact, but if we apply HomAb(Z/ 97,—) we get (up to isomorphism)

0—>ZX—2>Z—>Z

/QZ—)O

which cannot be exact, because the kernel of the last map is Z

/ 97 but the image of the map
before this is 0, and hence not the same. This shows that Hom Ab(Z/ 97,—) is not right exact.
Using the following definition we can therefore say that z, 97, is not projective.

Definition 3.6.15 (Projective and Injective Objects). An object ¢ € Ob(C) is projective iff
home(c,-) is exact, and respectively injective iff home(—,c) is exact.

Definition 3.6.16 (Projective and Injective Resolutions). Let C be an abelian category and
c € Ob(C).

A projective resolution of ¢ is (if it exists) an exact sequence
o> P> P> FPy—>c¢c—->0

where P; is a projective object in C for each 1.
An injective resolution of ¢ is (if it exists) an exact sequence

O=c>Ilgy-1L—->1—...
where I; is an injective object in C for each i.

It is very difficult to come up with projective or injective resolutions, as it is already difficult
to come up with projective/injective objects. Sheaf theory is useful because we will use topology
to build these sequences instead of having to guess them.

12The implication from right to left is not obvious with the definitions we use. However, with the equivalent
definition of left and right exactness—explained in the footnote in the definition of left exactness—it becomes
obvious.
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Left Derived Functors

Suppose F : B — C is a right exact additive functor between abelian categories. Suppose each
object in B has a projective resolution.
Then to each object b€ Ob(B) we can choose a projective resolution

"—>P2—>P1—>PQ—>b—>O

and apply F' to get a sequence

d3 d2 d1 €
.= F(Py) — F(Py)— F(Py) — F(b) » 0

exact

The left part of the sequence may no longer be exact because the functor is only right exact.
Now consider the sequence where the object F'(b) is removed and only the projective objects
are left

LB PRy B (P S F(P) 0

Even though the exactness might not be preserved, the property of two consecutive maps
composing to 0 is preserved by any additive functor. We therefore have the induced morphisms
imd,,1 -> ker d,, from Definition [3.6.9] These morphisms do not need to be isomorphims, and
intuitively we can measure how far they are from being isomorphisms by their cokernels. We
thus define, the left derived functor of F as

(Lo F)(D) = coker(imdy,4+1 -> ker d,,).

Note that in the category Vect or Ab we would have imd,.1 € ker d,, and we would define

(L, F)(b) = ker dn, , imd, ,,- However, in other categories the notion of quotient is not defined,
so we define it in terms of cokernels.
The left derived functor is the analogue of homology.

Example 3.6.17. We prove (LoF)(b) ~ F((b). The proof holds in general, but is easier to read
in the category C = Ab or C = Vect: As F is right exact we have imd; = ker € and ¢ surjective.
And hence,

(LoF')(b) = ker do/imd1 = F(PO)/imd1 = F(PO)/ker gxime = F(b).

For general abelian categories C the proof follows the same principle but looks more com-
plicated:

(LoF)(b) = coker(imd; -» ker dy) ~ cokerd; ~ coime ~ ime ~ F(b)

where the first isomorphism can be proven using ker dg ~ F(Py) (as dg = 0), the second using
imd; ~ ker € (because F is right exact), the third isomorphism is given by the definition of C
abelian and the last isomorphism is ime ~ ker 0 ~ F'(b) (because F is right exact).

The notation of the left derived functor as (L, F)(b) suggests that the constructions does
not depend on the choice of projective resolution. And this is true as the following theorem
shows.

Theorem 3.6.18. With all above assumptions
1. (L, F)(b) does not depend on the choice of projective resolution of b.
2. L, F defines an additive functoﬂ from B to C.
9. If

0—a—b—c—0

is exact in B, then

13We only defined L, F on objects, not on morphsisms. To define L, F on a morphism, one would need to
lift the morphism to the projective resolutions (not necessarily uniquely) which would then induce a morphism
between the corresponding cokernels (which is unique).
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oo —— (LnF)(a) —— (LnF)(b) —— (LnF)(c)

(Ln-1F)(a) —— (Lna F)(b) ——= (Ln1F)(c)

(L1F)(a) —— (L1 F)(b) —— (L1F)(c)

F(a) > F'(b) > Fl(c) — 0

s exact in C.

We will now dualize everything to get right derived functors.

Right Derived Functors

Suppose I': B — C is a left exact additive functor between abelian categories. Suppose each
object in B has an injective resolution.
Then to each object b€ Ob(B) we can choose an injective resolution

O—>b—>[0—>]1—>[2—>...

and apply F' to get a sequence

0— F(b) 5 F(Io) 2 F(1) 2 F(L) - ...

exact
The right part of the sequence may no longer be exact because the functor is only left exact.
Removing F(b) yields
02 F(1) 25 F(1) 2 (L) > ...

Again, the property of two consecutive maps composing to 0 induces the morphisms imd,,_1 -»
ker 9, from Definition [3.6.9] We measure how far they are from being isomorphisms by their

cokernels (in Vect or Ab, by their quotients ker dn, , im 3n—1)' We thus define, the right derived
functor of F as

(R"F)(b) = coker(im 0,,—1 -» ker 9y,).
The right derived functor is the analogue of cohomology.
Example 3.6.19. (R°F)(b) ~ F(b) can be proven using the fact that F is left exact.

Again, as the notation (R"F)(b) suggests, the constructions does not depend on the choice
of injective resolution:

Theorem 3.6.20. With all above assumptions
1. R"F defines an additive functoﬂ from B to C.
2. R"F does not depend on the choice of injective resolution (up to isomorphism).
3. If
0—a—b—c—0

is exact in B, then

14We only defined R™F on objects, not on morphsisms. To define R™F on a morphism, one would need to
lift the morphism to the injective resolutions (not necessarily uniquely) which would then induce a morphism
between the corresponding cokernels (which is unique).
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0 —— F(a) » F'(b) > F'(c)

(R'F)(a) ——— (R'F)(b) ——— (R'F)(c)

(R F)(a) —— (R"'F)(b) —— (R"'F)(c)

(R"F)(a) — (R"F)(b) —— (R"F)(¢c) —— ...

1s exact in C.

Lecture 7: Concrete computation of resolutions and derived functors

In this lecture we go through concrete examples of computing cohomology of simplicial com-
plexes using the machinery introduced in the previous lecture.

Example 3.7.21. Throughout the lecture, we will work with a triangle as a simple object to
illustrate all the constructions: let ¥ be the simplicial complex as on the figure below (left).
We can also see it as a partially ordered set (right).

U3
[ )
€1 €3 €2
RN | X X
° °
U1 €1 V2 U1 V2 U3

(a) The simplicial complex X (b) X as a poset

Choosing the category

To compute cohomology of 3 using the homological algebra, we first need to have an abelian
category in which we have some representation of ¥ as an objectE We can view X as its
poset category, but that itself is neither abelian nor does it have ¥ as an object in it. We take
Fun(X, Ab), which is abelian, as our initial category — this is the first choice we make; it is a
natural example, as such functor category will always be abelian no matter what X is.

Now we have two other choices to make. We need to choose

(a) a particular functor from ¥ to Ab as the starting object representing X,

(b) a functor from Fun(X, Ab) to Ab which will yield a right derived functorm— we will need
this to be an additive left exact functor.

For @, the simplest possibility is to chose an abelian group G, and ‘send everything to G”:
]]-G Y — Ab
oc—G

o<1+ idg

This group G will play the role of the coefficient group in the final cohomology.
For @, we will look at two options that are always available. Both of these are also additive
and left exact in general, which makes them good candidates to study:

1580 that we can compute the injective resolution of that object (or weaker sufficient alternative of that), to
which we then apply a left exact (additive) functor, and obtain the right derived functor, which finally yields (a
version of) the cohomology.

161n the full generality, this could be a functor to any abelian category.
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e The covariant Hom-functor for a fixed functor H. This is really a family of examples,
since we have a choice of the functor H.

Hompyy(s,ab) (H, -) : Fun(X, Ab) — Ab
Fr— HomFun(Z,Ab) (Ha F)
n:F=G—n,

An object F of Fun(3, Ab), which is a functor, is sent to the set of natural transformations
from H to F. This Hom-set has an additional structure of an abelian group inherited from
Ab: for v,pu: H = F, the addition v + u is defined component-wise as (v + )y = Vg + g
for each object x € Ob(X), where v, + u; is defined by the abelian group structure of
Homap(H (), F(z)).

A morphism of Fun(X, Ab), a natural transformation 7 : F = G, is sent to a mapping 7).
acting via post-composing. That is, given a natural transformation v : H = F', we obtain
a natural transformation 7.(v) =nov: H = G (see vertical composition in [6.1.1)).

e The limit functor.
lim : Fun(X,Ab) — Ab
n:F =G limF 5 limG
Since X is in our case a small category, we can see functors going from it as diagrams, and

we can, therefore, consider limits. The category Ab has all limits, and limits are unique
up to isomorphism, so lim F' will always be well defined.

The morphisms are uniquely determined by the universal property of limits. The natural
transformation n : F' = G yields a cone form lim F' to the diagram G, which, by the
universal property of lim G, factors through lim G via the unique morphism e.

Sanity check for the construction with the functors introduced above. We do not
need the full resolution to calculate degree zero derived functors — as noted in the previous
lecture, ROF(b) = F(b). Let us check what we get if we choose the functor 1z: 3 — Ab for @),
and the limit functor l(gn :Fun(X, Ab) — Ab for (ﬁ) for two different simplicial complexes X.

e First let > = e @ be a simplicial complex with just two vertices. Then ¥ as poset-category
has only two objects with no morphisms between them. The limit lim 1 is then a product

of two copies of Z:
Rlimly 2liml, =MsZ=ZxZ=7&7Z

e Now let X = e—e be a simplicial complex with two connected vertices. The corresponding
poset category is v; — e < vg, so the limit lim 1y is a pullback:

R%Lm 1z = liinllz ={(n,m) e lz(vy) ® Iz(ve) | 1z(vy = e)(n) = 1z(ve — e)(m)}
={(n,m)eZeZ|n=m}=2Z
We see that we got a free abelian group of the rank the number of connected components, which
is what we would expect the zero cohomology with coefficients in Z to be.

Constructing the resolution

It is in general difficult to find the injective resolution needed for the definition of the right
derived functors. We can see this as analogous to the difficulty of finding some simplicial
structure on a topological space. It turns out that under some additional assumptions, we do
not need to find injective resolution; a certain ‘weaker resolution’ suffices.
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Back to the triangle ¥. Let us fix some abelian group G as the coefficient group, and let
us fix the functor 15 : X — Ab as our representation of ¥ in the category Fun(3, Ab).

Now we would like to construct an injective resolution of 1g, that is, an exact sequence
0 - 1g —» Iy - I — ..., where each I, is injective. However, the injectivity is difficult to
compute or test algorithmically. Luckily, it turns out that in our more specific setting, it is not
really needed. Together with the exactness, it is enough to assume surjectivity of certain maps
in the construction. We need I;’s to be so called flabby (or flasque) sheaves. In particular,
I;(f) needs to be surjective for every morphism f in ¥ for all the functors I; : ¥ - Ab in
the resolution, but there are more conditions — we will not go into details at this point. We
just state here that the following construction, while not necessarily injective, is sufficient for
computing the right derived functor. The construction would be analogous for any simplicial
complex X, but for simplicity, we will focus on the triangle.

Constructing I,. We need to define a functor Iy, and a natural transformation 14 - Ip. We
define I as follows:

Ip:>— Ab
c— PG
O<T
Proj
yco— @ Pa
YT o<T

The direct sum @,<, G goes over all cofaces of o (in general of arbitrary dimensions). For
example @,, <7 G =@y, ¢1,e,) G =G ®G ®G. To define the morphisms, we see the copies of G
as labeled by the simplices, and we just project to the corresponding coordinates. For example
for v < e; we get

10(111 Sel) @G—> @ G
{vi.e1,e3} {e1}

(91,92,93) — 92

Note that the projections are all surjective, because if 7 < o, then all the cofaces of o are also
cofaces of ~.

To define the natural transformation € : 1 — Iy, we need to fill in the £,’s in the following
diagram(s):

G=1g(e1) —2—3 Iy(er) =G
idT TPrOjg
G=1g(v) — 2 Iy(v))=GoGa G /
es3
id roj
l c lp s ’1)1. €1
G=1g(e3) —=— Iy(e3) =G

We need it to commute, and we need 0 — 15 —=> Ipto be exact, which means that for each
o € Ob(X), the sequence 0— 1o (o) =% In(o)needs to be exact. That is, all £,’s must be
injective. We define ¢, = idg for all the edges. For ¢,,, we know from the commutativity of
the diagram that g needs to be sent to (7,g,g). The “?” can be chosen arbitrarily — we choose
it as 0, which will be useful later. That is, we define &,, : g = (0,9,9), and similarly for the
other two vertices.

Constructing I;. Next, we define functor 7, and natural transformation Jg : Iy - I;. The
functor I; will be very similar to Iy, but instead of direct sums over all cofaces, we take direct
sums over all strict cofaces:
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:X— Ab
0»—>@G

o<T

véa»ﬂ@Glﬂ@G

y<T o<T

In our situation, this means that vertices will be sent to G @ G, and edges will be sent to 0.
The morphisms (9y), need to be defined so that we have exactness in Iy, i.e., so that their
kernels are equal to the images of ¢, .

€ey (90) ey
G=1g(e)) —2— Ip(e1) =G 2 Ii(e) =0
idT TPrsz To
€uvq (80)’01
G=1lg(v1)) ————— (1) =GeoGa G L(n)=Ga G
“ Jres P
ces (90) s
G:]lg(€3) —_— Io(eg)ZG 11(63)=0

The morphisms of 0y for edges are clearly all 0, since the codomain is 0 — this is also the
only choice to obtain exactness in I for the edges.

We need to define (9p),, so that ime,, =ker (9),, i-€., (91,92, 93) is sent to 0 iff it is of the
form (0,g,g). One way to do this is to define (9g)v, : (91,92,93) ~ (91,93 — g2). We proceed
analogously for vs, vs.

Constructing /> and further. In our case, we see that Jy is actually surjective. This means
that we can define I, = 0 for all k£ > 2, and the sequence

0—lg -1y 21 —0

is exact. This is because we have no faces of dimension higher than one.

In general, we would proceed analogously, defining I5(c) as the direct sum of as many copies
of G as there are cofaces of o with dimension higher by at least two. The maximal & for which
I}, is non-zero is the dimension of the simplicial complex. The construction would also work for
CW-complexes or similar nice objects.

Functors from Fun(X, Ab) to Ab

With the resolution at hand, we can apply different additive left exact functors, and obtain
possibly different notions of cohomology. Here we go through two examples that ultimately
lead to the same cohomology. We look at representable functor Hompy, (17, —), and the limit
functor l(iLn, both of which we already briefly introduced before.

The representable functor Hompy,(1z,-). The first functor we look at is

Hompyy(s;,ab) (12, -) : Fun(X, Ab) — Ab
F — Hompyn(s,ab) (12, F')
n:F=G—nn,

Choosing a representable functor is nice, since they are left exact in general. Choosing 1 for
the domain is nice, since Z is the free Abelian group with one generator. This means that
for any abelian group A, we can see any map Z — A as choosing one element of A — the one
where 1 is sent — and every element of A is represented by a unique such map. This yields a
natural bijection Homap(Z, A) 2 A. We can then view an element of Hompy,, (17, F') as picking
an element in each of the groups in the image of F. We apply this functor to the sequence

0— Iy % I; — 0 (recall that we remove 1 from the beginning of the resolution before applying
the functor F).
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First, we look at what Hompy, (17, Iy) is — what are all the natural transformations 7 from
1z to Iy? That is, what are all the possibilities to choose one element from each Iy(c) so that
the choices are consistent with all the maps in Iy? Let us choose an element (ay,as,as) from
the group Ip(v1) and (by,bs,bs) from Iy(vs2), and look at the following diagrams:

1 ——-—— (a1,a2,a3) L———— (b1,b2,b3)
Z=1z(v1) —25 In(v1) =Go GG Z=17(vs) —25 In(v2) =G @G &G

{ {
Z=1z(e1) —=2 Io(er) =G 7 =1z(e1) —= To(er) =G

l—— a9 l——— by

Firstly, we see that choosing an element from Iy(v;) already determines the choice of the
element from Ip(e;) — this is the case for any simplex and its coface. Secondly, we see that we
can not choose the elements from Iy(v;) and Iy(ve) independently — from those two particular
diagrams, we see that as must be the same as bs. Altogether, we can independently choose
six elements of G, one for each simplex. Schematically, the natural transformation for a choice

(Gor+ v Gug» Ger s Jes s Jes ) 100ks as follows:

61 63 62 961 gEQ
X X[ A “?><i) 7>x<f
~r
v v2 U3 (91J1?g€17g€3 gvzagelvg€2 gv3v9627g€3)

Therefore, we have
Hompy, (17, Ip) = {maps from ¥ to G} = G°.

Now let us look at Hompyn(1z, [1). Things are a bit easier now, since I1(e;) = 0 for all the
edges, and all the maps in I; are 0. This means that we have no dependencies between our
choices of elements from I; (v1), I1(v2), and I1(v3). Each of these is G @& G, so together we can
again choose six elements (o, e, Gor e Juze1s Guz,eas Jug,eas Juares) € G

DX 8 1= Tl

(9111,61’9111,63) (gvz,eugvz,ez) (gvs,Ew.‘]va,ea)

Hence, we have Hompy, (1z,1;) = GS.

Lastly, we need to derive the map Hompu,(1z, o) - Hompu,(1z,11). But this is just
post-composition with dyg. If we choose elements from groups in Iy, we just map them by
the corresponding maps of dy, and get choices of elements from groups in I;. We get a map
G% — G, Abusing the notation, we denote it by dy. We have

do:G° > G°
L Guy
v, Ges ~ Jey
oo | | 9o ]
g€1 g€2 gel
Ges Gus
Ges Gez — YGes
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which, abusing the notation a bit more, we can actually express nicely as a coboundary matrix

100 0 0 O
000 -1 0 1
010 0 0 O
00 0 -1 1 0}
001 0 0 O
000 0 -11

Finally, we have
ROHornpm(ILZ7 1g) 2kerdy =G,

and

R'Hompun(12,1¢) = & el

imoy
which coincides with H(X;G) and H!(X;G), respectively.
Exercise 3.7.22. Is it true that

R"Hompun (12, -)(1a) = H" (3 G)

(= R"Hompyn(1z, 1))
The limit functor. The second functor we apply to our resolution is the limit functor
lim : Fun(X, Ab) — Ab
n:F =G limF > limG

Let us first look at the case of just one edge. We get the following diagram:

1:0(61) G
/' \ PV wz
Io(v1) To(vo) GoGaG CoGaG
K. > \\\ //
hmjo {inlo

The limit is a pullback of groups
l(iinfo ={(91,.--,96) € G’ g2 =gu} = G°,

where the dotted lines are projections to first three and last three coordinates, respectively.
For the whole triangle, the situation is similar. To obtain the limit, we start with the direct
sum Io(v1) @ Ip(vz) @ Ip(v3), and take the subgroup on which all the projections commute.

R % y
I()(Ul) I()(Ug) Io(’l)g) G@G@G G@G@G G@G@G
r\\ T ///\[ \\\\\ : /// e
im Iy limly

That is, we get

lim Iy ={(g1,.--,99) € G*| g2 = 98,95 = g5. 91 = go } 2 G°.
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For I; the situation is even simpler, as we have just zeros on the edges, so there are no
commutativity constrains in the diagram:

T e T > S
Il(’l)l) ,[1(’[)2) Il(vg) G@G G@G G@G
ﬁ\ ¢- //ﬂ \\\ : ///

iml, lim 1,

The limit ends up being just the product
limI; = Il(’l)l) (&) Il(’l)g) @ Il(’l}g) = GG.

The morphism lim gy is the unique map making the following diagram commute:

( O)Ul

Io(v1) —— Li(v1)
Io(ve) =222 1 ()
fo(va) s 11(713)

hmIo ————————————————ilin—a—o ———————————————— > hmIl

But elements in lim Iy and lim I; are exactly the choices we could make for the elements of

Ig-groups and I;-groups in the previous Hom-functor example. And the map induced by Jy
acts exactly the samﬂ Therefore, we get

R%lim(1¢) = G,
R'im(1¢g) = G,

as before.

Exercise 3.7.23. Is it true that

RMim(1g) = H(3;G)?

Projective resolutions in Fun(X, Ab)?

People mostly stick with cohomology rather than homology. The reason is that while Fun(X, Ab)
always has injective resolutions, it might not have projective resolutions (we might need to look
toward relatively pathological topological objects without simplicial/CW structure to get a
counterexample). We can get a homological-type construction for a simplicial complex by tak-
ing a projective resolution of 1z, and then computing the right derived functor of -®7G (known
in algebraic contexts as Tor).

7 This is a more general phenomenon in Ab. As Fun(X, Ab) is an abelian category, the set Hompyy, (17, F)
has a structure of abelian group for any functor F', and, therefore, can be seen as an object of Ab. Given any
diagram D : I — Ab, it is not difficult to see that lim D 2 Hompy, (17, D).
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4 Sheaf Theory

Lecture 8 & 9: Pre(co)sheaves and (co)sheaves

In this lecture we present several definitions for sheaves and cosheaves and show their equiva-
lence under certain assumptions. Each definition has a corresponding problem instance in which
it is the most effective formulation. However, we begin by defining presheaves and precosheaves.

Definition 4.9.1. A presheaf on X with values in a category C is a contravariant functor
F:Open(X) - C.

Definition 4.9.2. A precosheaf on X with values in a category C is a covariant functor F:
Open(X) - C.
Examples of presheaves and precosheaves.

1. Consider the functor taking open sets on X to functions into some group, in our case R
(we could additionally consider continuous, constant, e.t.c). This is a group with addition
obtained by simply adding together the function outputs.

F:Open(X)—> Ab
Ur {f:U>R)

Now consider a morphism in Open(X) (i.e. UcV)
FU-V):F(V) - F(U),

here F(U — V)(f) is simply the restriction of f from V' to U. Note that the morphism’s
direction is flipped so F' is contravariant and also a presheaf.

2. We can also consider homology as a presheaf.
F:Open(X) - Ab
U~ Ho(U;Z)
(U—->V)w= (Ho(U; Z) - Ho(V; Z))
This time the functor is covariant so homology is a precosheaf.

3. Let X be the simple topological space depicted below, with Open(X), the its correspond-
ing poset category also depicted below. Now let us define the contravariant functor F' as

U/UUVX\V
\UOV/

below. Each open set is mapped to a one dimensional vector space k and the whole space
X is mapped to an arbitrary vector space V. The diagram below show the effect of F' on
the morphisms of Open(X ), where ¢ is some linear functional.

Then it is clear F' forms a presheaf on X with values in V. Furthermore, if F(U), F(V)
and F(UnV) are not sufficient to completely determine F'(X) then F is just a presheaf
and not also a sheaf.

We now turn our attention to defining sheaves and cosheaves distinctly from presheaves and
precosheaves.
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F:Open(X) — Vect

k ® k

Ve k
UnV ek \E\N K/ﬁ/

XY k

Definition 4.9.3. Let {U;};,c;r = U € Open(X) be a a collection of open sets. The nerve,
N(U) = {J finite subset of I : njc; # @} is a poset category, such that J - K if J ¢ K for
J, K e NU)

There is a natural functor:
iy : N (U)°P —— Open(X)

Sy

Jif JC K,
[ I

Kr—m 5 Ng Uy

or alternatively,
iy :N(U) —— Open(X)°P

Jr— U

Jif Jo K.
| |

Kr—— N Ui

Here one of the categories, N'(U) or Open(X) must be flipped to its opposite category so
that the functor remains covariant.

Exercise 4.9.4.

1. Show that limiyP = Use  U;.
2. Show that limiy = Ut U;.

Definition 4.9.5. A sheaf F' on X with values in a complete category C is a contravariant
functor F: Open(X) — C such that for each collection of open sets U = {U,};c; € Open(X)
the canonical map F(lim ;") - lim(F o4;”) is an isomorphism.

From Exercise we know that this limit is just the union, so we can think about sheaves
as functors taking unions to limits.

Definition 4.9.6. A cosheaf F on X with values in a cocomplete category C is a covariant
functor F': Open(X) — C such that for each collection of open sets U = {U; }ier € Open(X)
the canonical map F'(lim i) — lim(F o 4z,) is an isomorphism.
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Similarly to sheaves a cosheaf then can be thought of as a functor which commutes with
colimits or which takes unions to colimits.

Definition 4.9.7. A sheaf F' on X with values in a complete category C is a contravariant
functor F: Open(X) — C such that for each collection of open sets U = {U,};c; € Open(X)
which is stable under finite intersections (i.e. U; nU; € U for all ¢,j € I), the canonical map
lim F F(u;U;), is an isomorphism.
u
Here it is beneficial to consider U as a “subcategory” of Open(X) (see the diagram below)

and F' as a functor on this subcategory, Fy; : U — C such that l(iLnF = lim Fy,.
u

Tl T~

Ui nU, UsnUs

Definition 4.9.8. A cosheaf F on X with values in a in a complete category C is a covariant
functor F': Open(X) — C such that for each collection of open sets U = {U; }ier € Open(X)
which is stable under finite intersections, the canonical map li_rr)1F - F(y;U;), is an isomor-
u
phism.
Note: The following sheaf and cosheaf definitions are valid for any categories with an “ele-
ment” operation, not just Set (e.g. Ab, Vect).

Definition 4.9.9. A sheaf F on X with values in Set is a contravariant functor F' : Open(X) —
Set such that if {U; }ier € Open(X), s; € F(U;), and F(U;nU; - U;)(s;) = F(U;nU; = U;)(s5)
for all 4,7 € I, then there exists a unique s € F(u;U;) such that F(u;U; — U;)(s) = s; for all j.

This definition says if pieces of information from open sets U;, U; agree on pairwise intersec-
tions then there exists a unique element in the functor applied to the union of all open sets such
that restricting to any open sets gives back the initial information. Or more intuitively, if local
sets are glued consistently we can recover the initial data from a unique piece of information
taken globally.

Definition 4.9.10. A cosheaf F on X with values in Set is a covariant functorAF’ :Open(X) -
Set such that for each collection of open sets U = {U; };c; € Open(X), if s, ; € F(U;nU;) (i < j),
and F(U; nU; — Us)(si5) = F(Ui nUj — Ug)(six) for all j,k € I, then there exists a unique
s € F(u;U;) such that F(U; nU; - u;U;)(s44) = s for all i < j.

Definition 4.9.11. A sheaf F on X with values in Ab is a contravariant functor F': Open(X) —
Ab such that for any collection of open sets U = {U; }sc; € Open(X), the sequence

0— F(uU;) = [[F(U;) L, [[F(U:nUy),
% i<j
where
do((o, . ,O,SZ‘,07. . )) = ZF(Uz N Uj - Ul)(Sl) - ZF(U, n Uk - Uz)(SZ),
i<j k<1
is exact.

Note: The degree map dy is exactly the degree map form Cech cohomology.

Definition 4.9.12. A cosheaf F on X with values in Ab is a covariant functor F': Open(X) —
Ab such that for any collection of open sets U = {U; };e; € Open(X), the sequence

N F) . .
®ic; F(U;nU;) — &, F(U;) —» F(u,U;) =0,

where A R
81((07 . ,O,Si)j,o,. . )) = F‘(UvZ N Uj - Ui)(si)j) —F’(Uvz N Uk id Ui)(8i7j),

is exact.
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Proposition 4.9.13. Given a presheaf F on X with values in Ab and a collection {U, }ier =
U < Open(X), the following are equivalent:

1. lim F < F(yU;)
N(U)

2. If 381' € F(Ul) s.t. F(Ul n Uj g UZ)(Si) = F(Ul N Uj i UJ)(sj) then 3s € F(UUl) s.t.
F(Uj - UUZ)(S) =8j

3.0 F(uUi) 5T F(U) 2 Ty F(Ui 0 Uy) s ezact.

Proof. (2) = (3)
Suppose (s1,...) € ker dg, then for every pair of elements the difference,

F(Uz n Uj - Uz)(SZ) —,F((]z N Uj - Uj)(Sj) = O, ) <j,

and hence they must be equal.
Now from (2) we know there exists a unique global element s € F'(u;U;), that restricts to each
local element, or explicitly,

F(Uj = Ui)(s) = 55, V.

So s must be the preimage of each element (s1, s2,...) = €(s). Which is to say, ker dy € ime.

Now since F is a functor it must preserve compositions of morphisms, in particular, F((U; —
Ul) o (Uk n Uj - UJ)) = F‘(U}C NnU; - Ul) Which implies ime ¢ ker dp.

Finally since s was a unique preimage, the map € must have bee injective. So we conclude
the sequence is exact.

(3) — (1)

We begin with the diagram from implied by Definition [1.9.5] below left, where we have restric-
tion maps €y, : F'(U;U;) = F(Ug) and definitive limit object as we are in a complete category.
Our goal is to show that the unique map to the limit is in fact an isomorphism. By rearranging
the diagram and mapping into products rather than distinct open sets, as in below right, we
obtain the sequence from (3) which we assume to be exact. Since the sequence is exact, ¢ is

F(U,

) > F(UkﬁUJ)
O lim F
€k N(U)

AN
EIR

F(U; U)

£

/6\

F(U,U;) 5 lm F % T, F(Uy) 2% ey F(UR N U;)

injective and therefore so is A. Then by the commutivity of the left triangle we know ime € im ¢
and additionally by the commutivity of the upper triangle we know im ¢ ¢ ker dy. Combining
this with the exactness of the sequence we obtain:

ime Cimy S ker dy = ime.

Now suppose  were not injective, then it would be possible to define multiple A maps main-
taining the continuity of the diagram, one for each element mapped to the same element by
o, however this violates the uniqueness of A so ¢ must be injective. Finally commutivity of
the triangle and injectivity of ¢ implies A must also be surjective and therefore an isomorphism.

42



(1) — (2)
We want to show if 3s; € F'(U;) s.t. F(U; = U;nUj)(s;) = F(U; - U;nU;)(s;) then 3ls € F(uU;)
s.t. F(U; » uU;)(s) = sj. By (1) we have equivalence of the union and the limit then by the
definition of the limit we can complete the commutative diagram below with the free group
generated by an element (s1,s2,...) € [1; F(U;). Since the map from the free group to the limit

F(Uk) >F(UkﬂUj)
l(iLnF
Z((Sl,;g,...))
S b y@)(%) F(UknU; > Uj)(s5)
s)\(sl,/
a-(s1,82,...)

is unique there must be a unique s € lim F. Now by the commutivity of the diagram when we

restrict F'(U; - u;U;)(s) we get s; as required. O
Proposition 4.9.14. Suppose F is a sheaf on X with values in Ab. Then F(@) =(|) =0.
Proof. Let U = @. Then

O—)F(Q)—)H—)H,

%] %]

is exact. But how do we make sense of this sequence? [], € Ab is an object such that for
each object G € Ob(Ab), there is a unique map:

Q-3 Q:l

There is only one possible map satisfying this diagram for all abelian groups, namely the zero
map. So [[y =0 and F(@) =0. O

Exercise 4.9.15.
1. Suppose F is a sheaf on X with values in Set. Show that F(2) is a set with one element.
2. What is F(@) for a cosheaf on X with values in Ab and Set?

Examples of sheaves and cosheaves.

1. Let X =[0,1] c R. Define a functor,

F:Open(X) > Ab
@0
Uw7Z

id
(U-V)e (FU) < F(V))
Let U =[0,1/4] and V = [3/4,1]. So by applying F' we obtain the diagram:



This is exactly the pushout diagram where the restriction maps are 0. So we are looking

at pairs of integers which agree under the zero map, i.e. any pair. So then lim F =
N(U)

Z ® 7 # Z. Therefore F' is merely a presheaf and not a sheaf.

2. Suppose f: E - B is a continuous map (inspired by vector bundles). The presheaf on B
with values in Set defined by:

FU)={s:U - E|f os=1idy},
is a sheaf. This sheaf is called the sheaf of sections of f.

3. Suppose f: E — B is a continuous map (think vector bundle). The precosheaf on B with
values in Set defined by

EU) = m(f~H(U)) = set of path connected components of f~1(1f)

is a cosheaf. This cosheaf is called the Reeb sheaf of f.

5 Sheaf Cohomology

Lecture 10: Morphisms of sheaves, stalk, sheafification

The aim of this lecture is to show that the category of sheaves Sh(X) is an abelian category
although this is not obvious. Once it is an abelian category we can apply homological algebra
(see Section [3)) to it.

References. |[Curl4, Chapter 2 §5] and the lecture notes of the class taught by Pramod Achar
https://www.math.lsu. edu/~pra1nod/tc/07s—7280/IE|

Morphisms of Sheaves

In the following, the paths between sheaves and cosheaves diverge. Therefore the theorems
about sheaves and cosheaves become less and less analoguous. We therefore decide for the
more straight-forward of the two, sheaves, and discuss only them. Unless stated otherwise,
sheaves will have values in AW

To turn sheaves into a category, we need morphisms between sheaves.

Definition 5.10.1 (Morphism of Sheaves). A morphism between sheaves on X with values in
Ab is a natural transformation between the sheaves viewed as functors. In other words, a mor-
phism ¢ : F' - G of sheaves on X is a collection of group homomorphisms {¢y |U € Open(X)}
such that the diagram

F(U) 2 G(U)

| |

F(V) 24 G(V)

commutes for each pair V c U

18The notes by Pramod Achar cover more material than we will here. However, the first 2-3 lecture notes
cover similar topics as we do.

1980me of the statements would be generalizable to settings without abelian group structure, but for the sake
of easyness, we nevertheless restrict ourselves to abelian groups.
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Let Sh(X) be the category of sheaves on X with values in Ab. Definition [5.10.1| can be
alternatively phrased using the forgetful functor from sheaves to presheaves

For : Sh(X) - Fun(Open°?’(X), Ab)
by defining

HomSh(X) (F, G) = HomFun(Open"p(X),Ab) (FOI' F‘7 For G)

Kernels and Images of Morphisms of Sheaves: the naive approach

To define sheaf cohomology using homological algebra (see Section |3)) we need the category of
sheaves to be abelian. The d example of abelian categories (see Definition shows that
the category of presheaves Fun(Open®®(X), Ab) is abelian. However, this does not guarantee
that the subcategory of sheaves is abelian as well. We therefore need to check that kernels and
cokernels (and hence images and coimages) exist in Sh(X). Let ¢ : F - G be a morphism
between sheaves, i.e. a natural transformation. The naive approach fails to provide a definition
of the image of a morphism ¢ between sheaves. However, the naive approach does work for
defining kernels in the category of sheaves. To begin, we recall the definition of kernels and
images in the category of presheaves:

ker ¢ is the contravariant functor mapping an open set U to the abelian group
(ker ©)(U) :=ker ¢y = ker(F(U) 2> G(U))
and mapping a morphism U € V to the induced (see Exercise[5.10.2)) group homomorphism
(ker @) (U) -> (ker ¢)(V')

im ¢ is the contravariant functor mapping an open set U to the abelian group
(imp)(U) = impu = im(F(U) <5 G(U))
and mapping a morphism U € V to the induced (see Exercise[5.10.2)) group homomorphism
(im ) (V) -> (im ) (V)

Exercise 5.10.2. Show that for U €V the definition of (ker ©)(V') as the kernel of oy indeed
induces a unique morphism (ker )(U) -» (ker ¢)(V), and that the definition of (im¢)(V) as
the kernel of the cokernel-map of py indeed induces a unique morphism (im¢)(U) -> (im¢) (V')
with the help of the induced map between the cokernels.

If ker ¢ and im ¢ fulfilled the sheaf condition of Definition we could use these two
definitions to show existence of kernels and images in the category of sheaves.

Proposition 5.10.3. Let p: F - G be a morphism of sheaves. Then ker ¢ is a sheaf.

Proof. A diagram chasing proof (left to the reader) in the diagram

0 —— (ker ) (U; Us) —2 TT;(ker @)(U;) —2 TTo; (ker 9)(U; nU;)

| | |

| | |

0 —— GU; U;)) ——— I, G(U;) ———— Tl;; G(UinUj)
shows that ker ¢ fulfills the sheaf condition of Definition [£.9.11] and therefore is a sheaf. O

The above proposition fails for im¢. Indeed im ¢ does not necessarily need to be a sheaf
(see Section for an example). There is still hope, however, that images of morphisms exist
in Sh(X). We only need to define the image of a morphism differently. For this, we try to find
out what went wrong with im ¢: How can a presheaf fail to be a sheaf?

To answer this question we use the Set-definition of sheaves (Definition [4.9.9). The state-
ment “then there exists a unique s € F'(u;U;)” from this definition can either fail to be true
by lacking existence (“not enough global information”) or by lacking uniqueness (“too much
global information”).
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Example 5.10.4 (Non-existence of sections). For X = UuT and Open(X) = {g,U,T, X},
consider the presheaf F' mapping U, T, X to a vector space V' and identity maps between them
and mapping @ to 0. This presheaf fails to be a sheaf, because for w e V = F(U) and z €V =
F(T) with w # z, there exists no v € V = F(X) that maps both to w and to z, although w and
z both map to 0 € 0= F(@). In other words, F/(X) is not large enough.

Example 5.10.5 (Non-uniqueness of sections). For X = UuT with UnT # @ and Open(X) =
{2, UnT,U,T, X}, consider the presheaf F' mapping U nT,U,T to a field (and thus a vector
space) k and identity maps between them, mapping X to a larger vector space V # k over k
with a linear map ¢ : V — k such that F(U c X) = F(T c X) = F(UnT c X) = ¢. This
presheaf fails to be a sheaf, because for 0 e k = F(UnT) = F(U) = F(T) there is more than one
vekery c F(X) with ¢(v) =0 and therefore more than one section over X which restricts to
O over U, T, and UnNT. In other words, F'(X) is too large.

Both these problems are global problems, not local problems. This motivates the procedure
of sheafification: taking a presheaf that is not a sheaf, extracting the local information and
composing the local information smartly to form exactly the right amount of global information,
yielding a sheaf. We will then define the image of ¢ as the sheafification of the above defined
presheaf im .

Sheafification

The local information of a presheaf is its stalk:

Definition 5.10.6 (Stalk). The stalk of presheaf F' (with values in a category C which is
complete and cocomplete, like Set or Ab) at x € X is

F, = lim F(U)
Usz

where the colimit is taken over all open sets U which contain x.

Example 5.10.7. Suppose X is a metric space. Let x € B1 (z) c B () c---c By (z) be
the sequence of open balls around x with decreasing radius. Let I be the functor from the poset
category (N, <) to Open®?(X), defined by

I: N — Open®(X)

n ——— Bi (z)

I

m +—— Bi (x)

Composing I with the presheaf F': Open®?(X) — Ab, yields

Fol: N——— Ab

n|—>F(B%(x)) =G,

The colimit of this functor, Example 2.4.23] is
lim F(U) =limFol=®GCn
— — neN
Usx

where the equivalence relation is given by (0,---,0,¢;,0---) ~ (0,---,0, hg, 0---) if there exists m
such that ((FoI)(I<m))(q) = ((FoI)(k<m)) (he

20The equivalence relation here is defined only on a set of basis vectors for @ G, and should then be extended
linearly to a relation on the entire vector space.
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Remark. The idea of Definition [5.10.6] is that F' is only defined on open sets and not on the
singleton {x}, we therefore take the colimit over all neighborhoods. The same idea can be
applied to any subset Y € X. Consider

Fy= lim F(U)
U2Y open

as the ‘data’ which F' assigns to Y.

The following proposition describes how the global information connects with the local
information.

Definition 5.10.8. Let F be a presheaf on X with values in Set. For U € Open(X) and
zelU, let

F(U) -» F,

be the unique morphism given from the definition of colimits (recall F, := lim F(V')). Define

Vsx
sz to be the image of s € F(U) under this map.

Unpacking Definition [5.10.6] for the special case of C = Ab—generalizing Example
yields the following equivalent definition of the stalk.

Definition 5.10.9 (Stalk in Ab). Let I be a presheaf on X with values in Ab. The stalk of
F at x € X, F,, is the abelian group consisting of equivalence classes of pairs

(U,s):U >x open and s € F(U)

where (U, s) ~ (V,t) if IW < U nV open such that z € W and F(W - U)(s) = F(W - V)(¢).
The group operation is defined by (U, s)+(V,t) = (UnV,F(UnV - U)(s)+ F(UnV - V)(t)).

Using this definition, the universal map from Definition [5.10.8|is given by
F(U) - F,
s s, =[(U,8)]

Also the global information about morphisms connects to the local information. Suppose
~v: F - G is a morphism of presheaves (hence a natural transformation). Then ~ induces a
morphism of stalks for each = € X:

Vo * Fa: - Gw
[(U,$)]- = [(U, 70 (s))]-

where vy : F(U) - G(U) is the group homomorphism from the definition of natural transfor-
mations.

Exercise 5.10.10. Show that v, is indeed well-defined by showing
(Ua S) ~F (V7 t) = (Ua ’YU(S)) ~G (‘/7 ’-YV(t))
Finally, we can compose the local information of a presheaf to form global information.
Definition 5.10.11 (Sheafification). Let F' be a presheaf on X with values in Set. The
sheafification of F', denoted F*, is defined to be

F*(U)z{s:U—> || F,
xeU

Vz eU:s(x) e F, and
VeeU IV withze VU Fte F(V) VyeV:s(y) =t,

for each open set U c X, where || denotes the disjoint union. In other words, s chooses for
every point x € U an element s(z) in its stalk F, in a locally constant / locally coherent way:
in small enough neighborhoods V' the chosen stalk element s(y) will always be induced by the
same element ¢.
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To turn F'* into a functor we define F'* of an inclusion V' € U to be the group homomorphism
Jy : F*(U) - F*(V) that maps a function s to its restriction s|y .

Exercise 5.10.12. Prove that F'* is a sheaf for every presheaf F.

Definition [5.10.11| can be rephrased using the following notation for Cartesian products:
Suppose s € [[ey Fi- Let m,(s) denote the projection of s onto F.

Definition 5.10.13 (Alternative Definition of Sheafification). Let F' be a presheaf on X with
values in Ab. The sheafification of F, denoted F*, is defined to be

F+(U):{se [1F:

zeU

Ve eU AV withzx e VU Jte F(V) Ver:ﬂy(s):ty}

for each open set U c X.

Exercise 5.10.14. Prove that (.)* : Fun(Open®?(X),Set) — Sh(X) is a functor. For this,
define v of a morphism (i.e. natural transformation) vy between two presheaves F and G as

V1 FH(U) = GT(U), 5 = (Teev V2) (5)-

To show that this functor (.)* is a left adjoint of the forgetful functor (see Theorem [5.10.17]),
we first need a Lemma.

Lemma 5.10.15. If F' is a sheaf, then F ~ (For(F))™.
Proof. Exercise to the reader. O
In other words, sheafification does not change sheaves.
Lemma 5.10.16. If F is a presheaf, then Yx € X
o2 (F*),
Proof. Exercise to the reader. O

In other words, sheafification does not change the local information.

Theorem 5.10.17. The functor (.)* : Fun(Open®”(X), Ab) - Sh(X) is a left adjoint of the
forgetful functor For:Sh(X) — Fun(Open®”(X),Set). Le.

Homgp(x)(F*,G) ~ Hompyy(open® (x).set) (F> For(G))
s natural.
Proof. The natural bijection is given by v* <> 7. The remainder of the proof can be found in
the literature. O
Definition of Images of Morphisms of Sheaves

Finally, we can define the image of a morphism as the sheafification of the attempt im(For(v))
we tried before, which turned out not to be a sheaf.

Definition 5.10.18 (Image of a Morphism of Sheaves). Let v : F' — G be a morphism of
sheaves. Define

im = (im(For(7)))"
Moreover, one can show that there is a natural inclusion of sheaves: imy — G.
Definition 5.10.19. Let v: F - G be a morphism of sheaves.
e 7 is injective if ker y=0
e 7 is surjective if imy = G

The fact that the definition of image needs sheafification (contrarily to the definition of
kernel which already is a sheaf) is a hint that surjectivity of morphisms between sheaves will
be more complicated than injectivity.
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Proposition 5.10.20. « is injective iff y(U) : F(U) - G(U) is injective for allU € Open(X).
Proof. Follows from the definition of ker ~. O

This is not true for surjectivity! It is not enough to check only the open sets, but checking
the colimits of the open sets, i.e. the stalks, is enough.

Proposition 5.10.21. A morphism v: F - G of sheaves is
o surjective iff v, : Fy, — G4 is surjective Vo € X
o injective iff v, : F > G, is injective Vo € X
e isomorphism iff v, : Fy = Gy is isomorphism Y € X
Proof. Exercise to the reader. O

Here, it is important that the isomorphisms between the stalks are all induced by the
same morphism v : F' - G. If each of the stalks F, was isomorphic to G, with individual
isomorphisms, this would not be enough to conclude that F' and G are isomorphic. In other
words, for F,G € Sh(X), we have F ~ G in Sh(X) implies F, ~ G, in Ab, Vz ¢ X (see
Proposition. But there are counter-examples for the implication in the other direction.
We will give such an example now. Another example can be constructed from the sections of the
coverings of Example and Example (see Example . The intuition
to find a counter-example is: The stalks give the local information in each point, but not how
the local information of one point relates to (or ‘is glued to’) the local information of another
point.

Example 5.10.22. Suppose X = U UV has 5 open sets: Open(X) = {X,U,V,W =UnV, 2}

Define
F(Z)=7 VY nonempty Z € Open(X),
F(2) =0,
and F(Z, - Z3) = (id)z V nonempty Z; € Open(X)
X=U0uV Z
/ \ / \
U %4 Z id Z
W=UnV Z

Exercise 5.10.23. Show that F' is a sheaf, for example by using the Set-definition of sheaves

(Definition

Next, we compute the stalks. Let x € U ~\ W. Then

F, =lim F(2)
Z3x
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is the colimit of the finite diagram F'(X) - F'(U) which has a terminal object, namely F(U).
Therefore
F, =limF(Z) = F(U) = Z.
Z>x
Let x € W, then the stalk F, is the colimit of the finite diagram F(X) - F(U) - F(W) which
has F(W) =Z as its terminal object. Hence, again F, = Z.

In general, if there are only finitely many open set, the stalk F, is the functor applied to
the smallest open set containing x, which is in this example always Z.

Now we will construct a different sheaf, with the same stalks.

Example 5.10.24. Let X be the same topological space as before. Define

Y/ Z=UV, or W
G(Z)=3ZeZ Z=X
0 Z=g@.

G(X > U) = proj,;
G(X > V) = proj,

GU W) =0
G(V > W) =0
X=UuV 77
/ \ y W‘
U v 4 0 Z
W=UnV Z

Exercise 5.10.25. Show that G is a sheaf, for example by using the Set-definition of sheaves
(Definition

Again we compute the stalks by
G, = G(smallest open neighborhood containing x) =Z Vz € X.

And we observe that we get the same stalks as in Example although the sheaves F' and
G are not isomorphic (because F(X) and G(X) are not isomorphic).

Lecture 11: Category of sheaves, sheaf cohomology
References. [Curl4 Chapter 2] and |Brel2, Chapter 1 Section 3]|E|

As a first example of sheafification we sheafify the constant presheaf, which failed to be a
sheaf (see the [Ikt example after the definitions of sheaves and cosheaves).

Example 5.11.26. Let I = [0,1] ¢ R with the euclidean topology inherited from R, let G be
a non-trivial abelian group and

F:Open°?(I) > Ab
UG
(U-V)w-idg.

21Bredon uses Definition [1.0.3] to define sheaves. We have not had time to show that this is equivalent to our
definition (see Definitions [4.9.5 4.9.7|7 4.9.9land [4.9.11)), but it is.
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F is not a sheaf (because firstly, (@) = G # 0 and after correcting this, two disconnected sets
would need to get mapped to two copies of G in order to get the sheaf property (see the t
example after the definitions of sheaves and cosheaves)). We compute its sheafification F*. For
computing,

F*(U)z{s:U—» || F,
xeU

Ve eU:s(x) e F, and
VeeU IV withze VU Ite F(V) VyeV:s(y)=t, [’

we first need to compute the stalks Yz € I using Definition [5.10.9
Fm:{(U,s)|U9xopen and se F(U)} , (1)

_{(U,9)|U>z open and ge G} , 2)

where (U, g) ~ (V,h) iff 3W c U NV neighborhood of z s.t. F(U - W)(g) = F(V - W)(h). As
the morphisms F(U — W) and F(V — W) are the identity and as UnV is a suitable candidate
for W, this is equivalent to: (U, g) ~ (V,h) iff g = h. This thus yields:

F,2=G Vzel.
Secondly, we need to compute the induced maps F(U) — F,, see Definition [5.10.8

G=F(U) y» Fp +———— G

g— 0. = [(U,9)]. <y,

yielding again the identity map on G. In other words, through the identification of F, with G,
g gets identified with g. We can therefore simplify F*(U) to

Fr(U)={s:U—>G|VzeU IV withze VU IteF(V) VyeV:s(y) =t}
={s:U > G|VxeU IV with z € V c U : s|]y is constant}
={s:U — (s is locally constant} .

We observe
e A set of connected open neighborhoods, {V, }.cv, form an open cover of U.
o If V, nV, # & then s(x) = s(y) € G,

and infer that s € F*(U) is completely determined by a choice of ¢ € G for each connected
component of U. Another way to say this, is

F*(U) ={s:U — G|s continuous} ,
where G has the discrete topology.

We introduced sheafification to define the image of a morphsim because existence of images
is necessary for a category to be abelian.

Theorem 5.11.27. The category of sheaves on X with values in Ab, Sh(X), is an abelian
category. Moreover, each sheaf F' € Sh(X) has an injective resolutio@

Proof. The proof can be read up in the references. O

This is what we need in order to use homological algebra (see Section . Applying homo-
logical algebra to sheaves is called sheaf cohomology. The roadmap is the following;:
Given a left exact (additive) functoﬁ

A:Sh(X) > Ab

22But surjective resolutions do not need to exist. This is the reason why in the following we will work with
right derived functors instead of left derived functors. And this explains why homology and sheaves do not work
together well, but cohomology and sheaves do.

231n the following, we will denote sheaves with capital letters and functors from Sh(X) to Ab with capital
Greek letters.
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and a sheaf F' € Sh(X), we “can”lﬂ find an injective resolution of F:
O-F->Iy—->1—...

and we “can” compute
0% A(L) 2 A(I1) > -+ Ab

and we can define the cohomology of X with coefficients in the sheaf F' as the right derived
functor of A, which is defined as the cohomology of the above sequence, i.e.

Hi(X;F) = (R"A)(F) =kt On s € Ab.

Next, we explore which left exact additive functors A : Sh(X) — Ab to use and how to
find injective resolutions. One idea for a functor A is to use a representable functor A :=
Homgyx)(F, -), represented by a convenient sheaf F' € Sh(X). A good canditate for F'is the
sheaf from Example [5.11.26

Definition 5.11.28 (Constant Sheaf). The constant sheaf, lg, is the sheafification of the
functor which maps each open set to the abelian group G and each morphism to idg. As
Example [5.11.26] has shown, this is equivalent to defining:

16 = {continous functions from U to G}

where G has the discrete topology.
Example 5.11.29.

HOHlSh(X) (F, —) : Sh(X) — Ab
is additive and left exact. Specifically, we will focus on the case where F' = 14:

Homgyx)(1a; -)-

Another idea for a functor A : Sh(X) — Ab is the functor that evaluates a given sheaf on
the open set consisting of the whole space.

Definition 5.11.30 (Global Section Functor). Given a sheaf F' € Sh(X), define
I'(X;F)=F(X)eAb.
['(X;-):Sh(X) - Ab is called the global sections functor.

Exercise 5.11.31. Prove that T'(X;-) is a additive and left exact functor.

A third idea for getting a functor A : Sh(X) — Ab is to push-forward a sheaf F ¢ Sh(X)
to a sheaf in Sh({p}) where the only information the sheaf gives is the abelian group to which
it is evaluated for the set {p}. We therefore define push-forwards and pull-backs.

Definition 5.11.32 (push-forward). Suppose f: X — Y is a continuous map.
If F is a sheaf on X, define the direct image of F along f (or push-forward sheaf) by

f+(F') = the sheaf which maps
UcY w F(f71(V))

Similarly, we would like to define the pull-back sheaf of a sheaf G € Sh(X) along f as
mapping an open set U € X to G(f(U)). However, f(U) does not need to be open. Therefore,
we need to apply the same trick as in the definition of stalk, namely using the colimit over
all open sets containing f(U) instead. Furthermore, the thus defined presheaf is not a sheaf.
Hence we need to sheafify it:

24 An injective resolution needs to exist but usually one doesn’t know how to find it.
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Definition 5.11.33 (pull-back). Suppose f: X — Y is a continuous map.
If G is a sheaf on Y, define the inverse image of G along f (or pull-back sheaf) by

/(@) = the sheafification of the presheaf which maps
UcX e lim G(V)
Vaf(U)

Example 5.11.34. Let f : X — {p}, where {p} denotes the topological space consisting of
only one point. Let G be an abelian group. Let 1 be the sheaf in Sh({p}) with 1({p}) = G and
1(@) =0. Then f*1 = 14, yielding yet another equivalent way to define the constant sheaf, see

Definition 1128
Theorem 5.11.35. Let f: X - Y be a continuous map. Then
f+:Sh(X) —» Sh(Y) and
f*:Sh(Y) - Sh(X)
are functors. Moreover,
o f,. is left exact,
e f* is exact,
e (f*, f+) form an adjoint pair.
Proof. The proof can be found in the references. O

Adjoint pairs can be used to translate problems from complicated categories to easier cate-
gories. The adjoint pair (f*, f.) can translate problems from Sh(X), X being a large topolog-
ical space, to Sh(Y"), Y being a small topological space. In the following, we will do this for Y’
being the topological space, {{p}}.

Example 5.11.36. Let f: X — {p} be the constant map. We can push-forward a sheaf on
X to a sheaf on {p}. The category Sh({p}) is equivalent to the category Ab because the
only information that a sheaf on {p} caries is the abelian group that is its global section. We
therefore get a functor from Sh(X) to Ab by composing

sh(x) 2 sh({p}) " Ab.

Exercise 5.11.37. I'(X;-) =T'({p}; f«(-)) as functors from Sh(X) to Ab. Moreover, T'({p}; f«(-))

s additive and left exact.
As the functors are equal, their right derived functors are equal:
(R'T(X;-)) (F) = (RT({p}: f+(-))) ().

Notation: As a shorthand for T'({p}; f«(F)) = (f+(F)) ({p}) one can write f = (F') because
sheaves on {p} can only be non-trivially evaluated on {p}. Thus, as a shorthand for T'({p}; f«(-))
one can write f,, yielding the shorter statement:

(R'T(X;-)) (F) = (RB'f.) (F).
Proposition 5.11.38. Let F € Sh(X). Then
(RiHomSh(X)(]IZ>_)) (F) = (RiF(Xé —)) (F).
Proof. Should be checked by the reader. O

Together, this shows that all three ideas for left exact additive functors A : Sh(X) — Ab
yield the same right derived functor, when choosing G = Z, the free abelian group. We can
therefore use any of the three for the following definition.

Definition 5.11.39 (Sheaf Cohomology). Define

HY(X;F) = Hix. y(X; F) = (RT(X;-)) (F)
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The following example shows that sheaf cohomology of the constant sheaf agrees with the
traditional singular cohomology with coefficients in a group G, under mild assumptions on X
(for example if X is homotopy equivalent to a CW complex).

Example 5.11.40. If X is a manifold (or, more generally, homotopy equivalent to a CW
complex), then H(X;1¢g) = H'(X;G).

Recall that H'(X;1g) = (R'T(X;-)) (1) = (RT({p}; f+(-))) (Lc) is the right derived
functor of pushing forward to a point and taking global sections of the point. Similarly, we can
push-forward to the slightly larger space R.

Example 5.11.41. Suppose [ : M — R is a Morse function (i.e. a function to the real line

that is differentialable and has separated critical values). Then, for a sheaf F' € Sh(M) on M,

J+(F') € Sh(R) is a sheaf on R. For p € R and ¢, : {p} = R, (1), 0 f)(F) € Sh({p}) is a sheaf

on a point and can therefore be represented by its global section I'({p}; (¢, o f+)(F')) € Ab, in

short notation, (50 fi)(F) € Ab. As the functor I'({p}; (¢, o f+), in short, ¢ o f., is left exact

and additive, we can build its right derived functor R'T'({p}; (¢} o f.)), in short R'(s} o f.).
Let 1g € Sh(M) be the constant sheaf on M. Then,

(R'(10 ) (La) =~ H' (S ({p}); G) (3)

This reminds of (level set) persistent cohomology and hence raises a question: Can we think
about (level set) persistent (co-)homology as a sheaf on R? And if so, can this be generalized
to R™ instead of R, yielding new insights on the decomposables of multi-parameter persistence?

Lecture 12: Etale space, local systems, Y-constructibility
The étalé perspective of sheaf theory:

e Covering spaces and fundamental groups

e Fiber bundles étalé spaces, and constant sheaves

e Local systems and representations of 1 (X;xq)

Motivation: We want to compute cohomology, but using the general definitions, we have too
many open sets to consider. If we want to actually compute homology, we need to throw away
‘redundant’ open sets. In order to make this approach concrete, we will take a detour through
the theory of covering spaces and the classification of local systems.

5.12.1 Covering spaces and fundamental groups

We review a classical algebraic topology result drawing a relation between covering spaces and
the fundamental group. More details can be found, e.g., in Hatcher’s Algebraic Topology.

Definition 5.12.42 (Covering space). A covering space of a topological space X is a topological
space X together with a continuous map

p: XX,

satisfying the following condition: for each x € X there exists a neighbourhood U of z, whose
preimage can be written as a disjoint union of open sets in X,

p_l(U) = |_| Vis
iel

such that the restrictions ply,;: V; - U are homeomorphisms for all i € I.
Note: We allow the union to be empty, so we do not require p to be surjective; this is how it is
defined in Hatcher’s book.

Example 5.12.43. Let X = S! be the one dimensional circle. We give three examples of
covering spaces.

1. X = S'uS" with p acting ‘identically’ on each of the components. We can see this as two
circles directly above our space X with p being the projection down.
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2. Instead of taking two circles, we can take just one circle, and deform it so that it goes
around twice above X; we get X = S*, and p sending s(«) to s(2a), where s : [0, 27] — S*

is the parametrization of S by angle.
O

3. We can take a spiral above our circle X, with projection down. We can realize this as
X =R, and p:z ~ s(2mz), for s the same as in the previous example.

200 —(

Definition 5.12.44 (Fundamental group). The fundamental group of a topological space X
with a basepoint xg, denoted by m;(X;x¢), is the set of all homotopy classes [f] of loops
f:[0,1] = X at the basepoint z(, with composition as the binary operation.

Example 5.12.45. 7(S1,20) = Z for any xq € S*.

There is a nice correspondence between the topological concept of covering spaces, and the
algebraic concept of fundamental group.

Theorem 5.12.46 (Classification of covering spaces, Hatcher pg. 67). Suppose that X is a
path—connecteﬂ locally path—connecteﬂ and semilocally simply connecteﬂ topological space.
Then there is a bijection between path-connected covering spaces p: X — X (up to isomorphism)
and subgroups of the fundamental group w1 (X, xo) (up to conjugacy).

Example 5.12.47. What are the subgroups of Z corresponding to the three examples in
Example |5.12.43]’

[l The covering space there is not connected. It is a disjoint union of two connected com-
ponents. The theorem classifies those separately. One component is just S* with p being
the identity, which corresponds to the whole fundamental group Z on the algebraic side.

Bl This covering corresponds to the subgroup 2Z c Z.

Bl The universal covering corresponds to the trivial subgroup 0 ¢ Z

25There is a continuous path between every pair of points.

26Each point has an arbitrarily small neighbourhood that is path-connectd. More precisely, for every = € X
and open neighbourhood U of z, there exists an open neighbourhood V ¢ U of x which is path-connected.
[Hatcher, pg 62]

2"Each point © € X has a neighbourhood U such that the map 71 (U, z) — m1(X,x) induced by inclusion is
trivial, i.e., sends every loop to the trivial loop. [Hatcher, pg 63]
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5.12.2 From covering spaces to fiber bundles

Let us look at the local condition in the definition of a covering space of X (Def. . For
each point x € X, there needs to be small enough neighbourhood U so that p™1(U) = ;e Vi
is a disjoint union, where each V; is homeomorphic to U via p. This condition is equivalent to
saying that | |;c; V; is homeomorphic to U x I where we take the discrete topology on the index
set I. But what if we took some different topology on I?7 This is exactly what gets us to the
notion of a fiber bundle.

Definition 5.12.48 (Fiber bundle). A fiber bundle over a topological space X with fiber F is
a topological space F, called a total space, together with a surjective continuous map

p:E-X,

satisfying the following condition: for each x € X there exists a neighbourhood U of x with a

homeomorphism
h:p(U) »UxF.

which makes the diagram

piU) —— UxF

X‘ AOjU

U
commute.

Fiber bundles are ‘locally product-like’, but they do not need to be a product globally, as
the following examples demonstrate.

Example 5.12.49.

1. Mébius strip with projection on the ‘middle circle’ is a fiber bundle over S* with fibers
[0,1]. For small open sets U we have p™1(U) 2 U x [0,1].

Compare this just to taking a cylindrical surface S* x [0,1] with a projection to S* x {%}
Locally, this fiber bundle looks the same, but the total spaces are clearly different.

2. Similarly, we can take Klein bottle with projection such that p™'(U) = U x S*, and we
get a fiber bundle over S with fibers S1. We can see this for example by taking the
representation by square with identified sides — if we draw a straight line going through
the middle of the square, we get a circle, and we can project vertically to that circle.

>

<

We can do the same for torus, and get a fiber bundle which looks the same locally, but
the total space is different — a product S* x S globally.
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3. Hopf fibration is a fiber bundle over S? with fibers S and total space S. That is, we
have a projection p : S - S? such that for small neighbourhoods U, the preimage is
p 1 (U) 2 U x S'. We will not define p here, but this construction gives a nice way to
visualise S in R3 P8

5.12.3 Moving towards sheaves.

What if the fiber F' had some additional structure to topology, like a structure of a group or a
vector space? For instance in the Example with a spiral covering a circle, the fiber
has naturally the additive structure of Z rather than being just a discrete topological space.

Another, more general example, is taking any fiber bundle, and replacing the fibers F with
a (co)homology, so that locally we have projections U x H;(F, k) 5 U. This changes the total
space too. Taking the example of Klein bottle, we can apply H;(S*,R), so that our ‘fibers’
are actually the vector space R — see Figure [§f We will not go into details at this point, but
the cycle generating R in the homology group comes with some orientation; if we take a point
(u,1) e U x Hi (S, R), we can follow it along a closed curve going around the Klein bottle, and
the sign of the second coordinate will flip by the time we get back to w. This is basically a
reformulation of the fact that the Klein bottle is not orientable.

>
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Figure 8: On the left, we see the Klein bottle as a fiber bundle over S!, the vertical black
circle, and with fibers also S', the horizontal circles in color. We apply Hi(-,R) to each of the
horizontal circles, getting R as new fibers instead — this yields the space on the right picture,
which looks like an “infinite Mobius strip”. The maps between those new fibers are induced by
the inclusion maps between the original fibers — as shown in the middle picture.

-

Assigning some algebraic structure to neighbourhoods of points is starting to look like sheaf
theory — and that is where we are heading. In particular, this is the étale space perspective of
sheaf theory.

Definition 5.12.50 (Etale space). The étale space of a presheaf F' on a topological space X
is the disjoint union

Et(F) = |_| FJZ7
zeX

together with the topology generated by open sets of the form

U(s,V):{syEFy|y€V}a

28Gee, e.g., herel

o7
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for each pair (s,V), se FI(V), V open subset of X. Recall that s, denotes the germ of s over
y, which is the image of s under the restriction map

F(V)~F,

5> 8y,

where Fy = lim F(W) is the stalk at y.

Way

.c_\__).r/

Figure 9: The open set U, vy in the étale space for an open set V' ¢ X and an element s € F'(V')
is the set of all germs s, over points y € V. In this scheme we see how we get to two particular
elements s, s € Ugs vy.

The étale space has several very nice properties. For X, F' and Et(F") as in the definition,
we define the projection p : Et(F) - X by sending an element e € Fy to y. Then we have the
following:

1. Et(F) is a topological space,

2. p is a local homeomorphism onto X,

3. p~}(x) = F, is an abelian group,

4. group operations +, : F, x F,, — F, are continuous,
5

. the functor defined by F*(U) = {continuous sections s: U — Et(F')} is the sheafification
(see Definition [5.10.11)) of F.

Let us look at some examples of constructing étale spaces and sheafifications out of them.

Example 5.12.51.

1. Consider the constant presheaf: we take any topological space X, and the functor F'
sending all open sets to Z, and all morphisms to identity. What is Et(F)?
For every x € X, the stalk over x is F, = Z, so as a set, Et(F) = |ex Z, which we can
realize as Z x X. We need to compute the open sets generating the topology of Et(F).
Let V ¢ X be open, and let n € F(V) =Z. For any y € V, the germ n, € F, is n, because
the restriction map F(V') - F, is the identity id : Z — Z. And if we view F), as part of
Et(F) =Z x X, we have ny = (n,y). Hence, the open set we get for the pair (n,V) is

Uy ={ny € Fyly eV} ={(n,y)|y eV} ={n} xV.
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The topology on Et(F’) are all finite intersections and arbitrary unions of these sets. We
end up with Et(F') being Z x X even as a topological product with discrete topology on
Z.

Now sheafification of F'is F'* given by
F*(U)={s:U - Zx X |s continuous section} .

A continuous section s : U - Z x X with respect to the projection p:Z x X — X sends
each connected component V of U identically to {n} x V for some n. Now if we put the

additive structure of the group on the set of sections by adding the first coordinates, we
have F+(U) ~ Z(# of connected components of U).

The figure bellow shows Et(F) in the case X = S*.

£X b@) Y= o

. In the previous example we have seen how to construct covering of S* by infinitely many
disjoint circles as an étale space — we started with constant presheaf sending everything to
Z. We can use exactly the same construction to get a covering by any number of disjoint

circles when we start with constant presheaf sending everything to an abelian group A of
the desired cardinality. For example for Zs we get covering by two circles.

J0~0

Topologically, the étale space only depends on the cardinality of A, but étale space has
an additional abelian structure, and so we get different étale spaces for A being Z,4 and
ZQ X ZQ.

. We would like to construct étale space E on S' which would topologically contain the
covering X by the twice-twisted circle as in Example We need to start with
a presheaf more complicated than a constant one, otherwise we would get something
analogous to the previous examples. But where should we even start looking? The
answer is: the correspondence of étale spaces and sheaves!

We aim to obtain étale space whose continuous sections are the sections of the twisted-
circle covering X. We can naively define a presheaf by

F(U) = {s U - X | s is a continuous section}.

However, no structure of an Abelian group is given to F (U). Moreover, F (S') = @, which
can not even be given any group structure. But there is a simple trick to create Abelian
groups from any set — we can take the free Abelian group generated by the sections instead
of the sections themselves. So we define a presheaf F' by

F(U) _ ZF(U) - Z{s:U—»)ﬂs is a continuous section}.

This is still not a sheaf, but we can now define étale space Et(F'), and then we get the
sheafification of F' by taking continuous sections of the étale space.

For every point of y € S1, if we take a small enough neighbourhood U, then F(U) = Z x Z
— we get one copy of Z for each of the two sections. Since this is also true for all
neighbourhoods V' ¢ U, we still have the same group in the colimit, that is, I}, = Z x Z.
This means that as a set we have Et(F) = ZxZx S!, which we can see as an infinite matrix
of circles. But the topological structure on this set is very different than the usual topology
on Z x Z x S'. Without a proof, let us just state that in he étale topology, the circles
(m,n,S*) and (n,m,S') are connected so that they produce the twisted double-circle X.
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5.12.4 Local systems and constant sheaves

Definition 5.12.52 (Constant sheaf). A sheaf F' on X is called constant if there exists a sheaf
G on {pt} such that
p*GeF,

where p: X — {pt} is the map sending everything to one point.

Exercise 5.12.53 (easy). Show that F is a constant sheaf iff it is the sheafificaton of a presheaf
of the form 1g, i.e., a presheaf which assigns the same group/vector space/... G to every open
set, and has identities as all the restriction maps.

Definition 5.12.54 (Locally constant sheaf). A sheaf F on X is locally constant (or a local
system if F is valued in Vecty) if for each x € X there exists a neighborhood U of z such that

i F' is a constant sheaf,

where iy : U & X. This means that we have some sheaf G on {pt} such that

(pt} —2— U —Y 5 X
G Loy P*G 2 il F b F
Note that we often denote if;F by F'ly.

Example 5.12.55. The sheaf we get from the étale space in Example [5.12.51] [3], is not
constant, but it is locally constant.

Analogous to the connection between covering spaces and the fundamental group, there is
a connection between local systems (locally constant sheaves valued in Vecty) and the repre-
sentations of the fundamental group.

Theorem 5.12.56. Suppose that X is a path-connected, locally path-connected, semilocally
simply connected, and locally compacﬁ topological space. Then there is a bijection (even an
equivalence of categories)

{local systems on X}/{isomorphisms} {representations of m (X, wO)}/{isomorph'Lsms}

In what follows we will describe a large family of well-behaved sheaves, which in a certain
sense are ‘built’ out of locally constant pieces. Sheaves in this family will be called constructible,
and will provide a long list of well-behaved examples for which we can compute sheaf cohomol-

ogy.

5.12.5 X-constructability

If we have a triangulation h: ¥ - X of a space X, where ¥ is an (abstract) simplicial complex,
then for o € ¥, h(o) is homeomorphic to o, which is a very well-behaved space, and so the
local systems on h(o) are easy to describe. This can be very useful for calculations, because
reasonable simplicial complexes are much easier to work with than general topological spaces.

298pace X is locally compact if for every = € X there exists a neighborhood U of z and a compact K ¢ X such
that U ¢ K.
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Definition 5.12.57 (X-constructible). A sheaf F' on X is X-constructible (or X-cellular) if
e h:Y — X is a triangulation of X,
® 'l (5) is a constant sheaf for every o € 3.

For a Y-constructible sheaf, the constant sheaf on a simplex o € ¥ is fully described by one
abelian group. This gives us the following proposition.

Proposition 5.12.58. For h: X — X, a fized triangulation of a topological space, there is an
equivalence of categories

Y-constructible sheaves on X «— Fun(X, Ab),

where Y. is viewed as a poset category.
Exercise 5.12.59. Find the two functors realising the category equivalence in Proposition|5.12.58.

This approach can be used to compute the sheaf cohomology of the sheaf from Exam-
ple[5.12.51lI3l We can triangulate X = S by a triangle ¥ so that F is Y-constructible, and then
do the calculation in Fun(X, Ab).

Lecture 13: Cohomology
5.13.1 Cech cohomology
Let U = {U; }ier be an open cover of X. Define the ordered set of (n + 1) tuples of indexes:

I"={(ag,...,an) e "™ :Uyyn...0U,, @}
With this we can construct the Cech complex begining with it’s chain groups:
CUsk) = (1"~ k),

for k some field or ring. Further, define the differential between the chain groups of the Cech
complex:

dp : C™(U; k) - C™ (U k)
n+1

frdof((ag,...,an)) = Z(—l)if((ao,...,di,...,anﬂ)),

=0

where the the hatted ith index is removed in each summand. Finally taking the quotient of
kernels and images of codimension 1 differentials we obtain the Cech cohomology of U:

H"(U, k) =ker dn

im dn—l ’

Additionally, Cech chomology is exactly the simplicial cohomology of the nerve of the open
cover U.

Examples of Cech cohomology

1. Let X =St and U = {Ul,UQ}.

We first compute the Cech complex:
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COWUsk) = {f:{1,2} > k}
~kaok

C'(Usk) = {f:{(1,2)} > k}
~k
dof((1,2)) = f(1) - f(2),
which may be written as k2 %o, k, from which we compute H°(U, k) = k and H* (U, k) = 0.
Unfortunately we do not recover the expected cohomology of the circle, however, we recall

that the Cech cohomology is really the simplicial cohomology of the nerve of the cover,
which in this instance is identical to that of a line.

Definition 5.13.60. An open cover V refines U if each V; is contianed in U; for some ¢ € 1.
Refinements give the set of all open covers of a space X the structure of a category, U - V if
V refines U.

Definition 5.13.61. The Cech cohomology of a space X is given by the colimit,

H'(X;k) = lim H' (U; k).

u

2. Let X =S' and V = {U1,Us,U3} (i.e. V refines U).

Again we compute the Cech complex:

COW:ik) = {f:{1,2,3} - k}
~kekok

CH(Vik) = {f:{(1,2),(1,3),(2,3)} > k}
~keokok
do((ci, ) = £(i) = £(5),

. . d . . .
which may be written as k> —> k. Now we require the matrix representation of d.

1 -1 0
do=|1 0 -1
0 1 -1

From this we can compute H°(V, k) = k(1,1,1) ~ k and H*(V, k) 2 k. Which does recover
the expected circle cohomology. In fact tkaing the colimit we obtain H°(X,k) = k and
HY(X,k) = F.

5.13.2 Cech cohomology for presheaves
Let U = {U; }ic; be an open cover of X and define I"™ as before:

I"={(ag,...,an) e " Uyyn...0nU,, #2},

and additionally let F be a presheaf on X. Now define the Cech complex with coefficients in
F.
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C’”(U,F) = H F(naani)

(o,...,0n )el™

dp:C"(U,F) - C™ (U, F)

Tracking the image of the differential is a little tricky. If 8 = {B,...,8n} S {a0,...,ans1} =
a then there exists ¢ such that 8 = (ag,...,Q,...,aps1). Now since the intersection of «
sets intersects more sets it must be a subset of the intersection of 3 sets, so the map R,, :
F(Ug,,...,Us,) > F(Up,n...NU,,,,) is a restriction.

Now we can construct a differential where we consider all the possible ways we could insert
an extra term.

d(Bon...nBn)
e

F(Ug,,-.-,Ug,) [1 F(Uson...0Ua,,,)

04617l+1
s.t. Bca

d(ﬁom...nﬁn) = Z(_l)iRai
And finally we obtain the full differential which is just the combination of all the dg

dn = H d@.

Belm
We are now ready to compute the presheaf cohomology of U and X.

Definition 5.13.62. H"(U; F):=Krdn o0 A"(X;F) = lim H"(U; F).

u

Definition 5.13.63. A topological space X is paracompact if for each open cover U there
exists a locally finite open refinement V.

Now we additionally assume X is paracompact and F' is a sheaf. Recall Definition [4.9.1T
for sheaves. This means for any open cover U the sequence

0> F—>C'(U;F) > CHU;F) - ...
is a resolution of F' (not necessarily injective).

Theorem 5.13.64. Assume X is Hausdorff and paracompact, F is a presheaf on X, and let
F* be the sheafification of F'. Then for all n >0,

H"(X;F)~ H"(X;F*) ~ R"T(X; F").

This theorem is useful for two reasons, we can use the relatively simpler Cech cohomology to
compute sheaf cohomology, and we do not need to go through the sheafification process. With-
out going into the proof we can observe that presheaves and sheaves agree on small local scales
but disagree globally and the limit is shrinking the cover elements and using tiny restriction
maps to achieve the correspondence.

5.13.3 Cellular Sheaf Cohomology

Assume ¥ — X is a triangulation, and F' is Y-constructible, with respect to ¥ (i.e. further
shrinking cover elements wont change F'). Define St(o) := the open star of o = {7:7>0}. We
have an open cover of X consisting of open stars:

U = {h(5t(0)) }oes,-

Moreover, the nerve of U, N'(U), is homeomorphic to ¥ (i.e. N(U) = X).
Now we may compute the Cech cohomology relative to U:

0-COU;F) - CO(U; F) - ...
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Unpacking this chain we obtain the regular sequence of increasing numbers of intersections of
open sets:

0— [] F(h(St(c))) = [] F(h(St(c)) nh(St(7))) — ...

oeXp (o,7)

This can be simplified further as the increasing intersections of the open sets is exactly the
simplices of increasing dimension:

0- [] F(h(St(0))) = [] F(h(St(o))) - [] F(h(St(c))) - ...

JEEO 0621 UEEQ

We can further refine this using Proposition [5.12.58
Y-constructible sheaves <> Functors on X

This lets us think of F' just as a functor from X to Ab. The resolution then becomes:

0-> [] F(o) > [] F(o)~ [] F(o)—...

O'GEO 0'621 0'622

Again we still need to define the differential map, however, it is analogous to the Cech coho-
mology differential. We are finally ready to define simplicial sheaf cohomology.

Definition 5.13.65.
H" (S F) =Rty g
Theorem 5.13.66.
H" (%, F)2R'T(X;F)

This sequence of simplifications is dependent on the initial triangulation being constructible
with respect to F', which is the most difficult step in the process.

Examples of simplicial sheaf cohomology

1. What is the simplicial sheaf cohomology of the projection map:

% aEm
. (o0 N (‘\"\\ ('“\l‘\\
O o @ - \
| ’P O
. o -
. (t\.f\\

We begin by fixing a triangulation of X.

Z /_\V"’
G e, ,_,?\f‘
v, €, Vo

F(o)zZoZforalloceX, F(o » 1) =id for all (¢ - 7) # (v3 — e3), and instead

Fus—>e3):Z@Z 77

(n,m) = (m,n)
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Now we can write down the complex as:
0-2°% 75 0.

The differential, d, is then given by the matrix

U1 (%) VU3
es 41 O -1 0 0 0
0 1 0 -1 0 0
e2 |0 O 1 0 -1 0
0 O 1 0 0o -1
es |1 O 0 0 0 -1
1 0 0 -1 0

Each one and two cell is assigned to two copies of Z and the maps between them
are either +id or 0, except for the lower right entry which as we noted was the map
switching the indices. From this we compute H°(X;F) ~ Z(1,1,1,1,1,1), HY(X;F) ~
75/(a,b,c,d,e,~€) = ZGBZ/(n’m) ~ (m,n)" If we were just considering the ranks of
these groups this would coincidentally be equivalent to the cohomology of the circle. The
0th cohomology of the sheaf is really counting how many global sections we have and the
digonal is the only place we can get a continuous section which is why we get Z. Then by
looking at the double loop we see 1st cohomology is Z @ Z but we have to also consider
the that the points (n,m) and (m,n) are really sitting on the same circle so intuitively
we get the desired quotient. However, this is certainly calculating something different to
regular cellular homology.

. In general, for X = S! and X as before

Z =Rep. of II; (X, xzy) +— Local System £ on X —— Y.-constructible sheaf on X

[ !

M:V 5V commmmm oo > Fun(X, Vect)

We start with representations of the fundemental group, which is simply Z. Representa-
tions of Z may be packaged as a square matrix M, giving the bijection on the left. We
can also compute a local system £ from our representation which can also be transformed
into a X constructible sheaf for our triangulation. This sheaf can of course be considered a
functor from the triangulation to a vector space. So the entire pipeline can be considered
to take a square matrix and return a functor. If we were to do this process, each simplex
o will be sent to the vector space, i.e. F(o) = V; all the maps are sent to the identity
apart from one, i.e. F(oc - 7)=id and F(y - \) = M.

We can write this down as a complex:
0-V3Lv3 o0
with boundary matrix:
idy -idy 0
d=| 0 idy -idy
idy 0 -M

Now we are able to compute the cohomology:

H°(X,L) ~ker d = +1 eigenspace of M
H'(X, L) ~ coinvariants of M =V / (V - My)
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These sheaf cohomology groups are potentially much more complicated than the standard
cohomology of X so we have obtained an interesting generalisation of cohomology. In fact,
we could repeat this computation without ever knowing what the fundemental group was
by replacing the boundary maps with selected matrices and setting up the complex in the
same way.

The reader should make a close comparison of the example above with Example [2.4.28
Example [2.5.40] and Example The idea is to at least partially bring this journey
full-circle, so to speak.

6 Notes, remarks

6.1 Additional definitions and lemmas
6.1.1 Composing natural transformations
There are two ways in which it makes sense to compose natural transformations. They are

called vertical and horizontal composition.

Vertical composition. The vertical composition is very straightforward. Let F,G,H be
three functors between fixed categories A and B, and let us consider two natural transforma-
tions, o from F to GG, and 7 from G to H. Then we can obtain a natural transformation
Too: F = H by taking morphisms (7o00)x =7x o0ox.

(To0) x

/\
/L[(\ F(X) —25 G(X) -2 H(X)
A . B Ff Gf Hf
ST

F(Y) 2% G(Y) ——= H(Y)

(100)y

Horizontal composition. The horizontal composition is a bit trickier. Assume we have three
categories A, B, C, pairs of functors F, F' : A - Band G,G’ : B — C, and natural transformations
c:F=F and 7: G = G'. We would like to construct a natural transformation 1 = ‘T o g’

from Go F to G' o F".
F G
F' G’

We can construct v : GF = G'F’ in two natural ways. We can go from GF to G'F’ via GF’
or via G'F. For the first option, look at the diagram bellow. Starting with two objects and a
morphism in A, on the left, we use the naturality of o, and get the commutative diagram in the
middle. We apply the functor G to this diagram, which yields, again, a commutative diagram
— the left square in the third diagram. To get the right commutative square in that diagram,

we consider F'(X) 24 F'(Y), and apply the naturality of 7.

A F(X) —ZX5 F'(X) GF(X) -22% gF/(X) XX GF/(X)
lf lF f lF’f lGF f lGF’f lG'F’f
B F(Y) -2 F'(Y) GF(Y) £2% gF/(Y) 2 G'F/(X)

Together the last diagram shows that if we define ¢ x = 7p/(x) o Gox for each X € ObA, we
get a natural transformation ¢ : GF = G'F"’ as desired.
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The second approach is very similar. We start exactly the same, but we apply G’ to the
middle diagram, which yields the right square in the last diagram. The left square is then the

naturality of 7 applied to the morphism F(X) R F(Y).

4 F(X) -2 F'(X) GF(X) X% grr(x) G7% qFr(X)
lf lF f lF'f lGF f lG'F f lG’F’f
B F(Y) —25 F'(Y) GF(Y) 29 Grr(y) E7% G (X)

Again, the last diagram shows that if we define ¢x = Glox o Tr(X), We get a natural

transformation v : GF = G'F".

Now the question is whether the two approaches gives us the same natural transformation.
We ask whether 7 (x) 0 Gox = G'ox o Tp(x) for each object X of A, that is, whether the
following diagram commutes:

GF(X) 2% G'F(X)
lGaX lG’UX

GF'(X) X G'F'(X)

But this diagram is commutative due to naturality of 7 applied to F(X) 23 F’(X). Therefore,
we can define the composition of ¢ and 7 in either of those ways.

6.2 Examples, Remarks
Lecture 10: Example where the ‘naive image’ of a sheaf morphism is not a sheaf

In Lecture 10 we have discussed that even though both Fun(Open(X), Ab), the category of
presheaves, and Shv(X), the category of sheaves, are abelian, the images do not coincide —
the image of a natural transformation between two sheaves in the category of presheaves might
not be a sheaf. We need to take the sheafification of that to get the image in the category of
sheaves.

Here is a simple example of a natural transformation between two sheaves whose image
(as defined in the category of presheaves) is not a sheaf. Let us consider topological space
(X;{X,U,V,W =UnV,z}), and two sheaves as on the following two figures:

SN
\ N4 N A
| | |

0

$

We define a natural transformation ¢ between the two sheaves:

67



A:rz e (z,7)

Y/ Y
Z id Y/
Z id S/
Z 0 > 7
0 > 0

We can easily check that all the rectangles commute. The image of ¢ in the category of functors
from Open(X) to Ab is the functor given by im(y) : A —~ im(p4) for each open set A in X.
This is isomorphic to the following:

ZM/Z\M‘Z
\
;

This is not a sheaf. The problem here is the (non-)existence of an element gluing local infor-
mation from U and V to X—if we choose different element on U and on V, the restrictions
commute, but there is no element for the union which would restrict to both at the same time.
The problem is, that in the image, we lose the constraint given by W in the first sheaf. In
the image, we can have two different elements for U and for V', and it is still true that their
restrictions to W coincide, since those restrictions are the zero map.
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